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PREFACE TO THE FIRST EDITION 


This book has been written to meet the requirements of the 
degree students of engineering and technology. The tiim of the 
Book is to give to the students a clear understanding of the funda- 
mental pr nciples of mechanics and to enable them to apply these 
principles to problems in engineering. To achieve this purpose, 
simp e examples have been given based on common experience 
as well as engineering practice. More stress is laid on numerical 
examples than is usually given in the books for non-technical 
students. Complicated problems in engineering, however, have been 
avoided. It is felt that such problems would be better tackled in 
their place of occurrence, once the student gets a sound grasp of 
the fundamentals by trying his hand on simplified problems. 

The book has been divided into thi'ee parts : Statics, Hydro- 
statics and Dynamics. Besides the usual topics, chapters on Gra- 
phical Methods, Elasticity (including bending of beams), and Forces 
in Space are given in Statics to make the book more useful to the 
students of engineering. A knowledge of Calculus is essential 
for tlie study of Dynamics, as the definitions of velocity and accelera- 
tion in this book have been based on a concept of limits. The 
examples are ample in number and ^re well graded. Of these 
a large number are original, many have been taken from the exa- 
mination papers of various engineering institutions and univer- 
sities, and the others are taken from various text-books on the sub- 
ject. Reference in a problem to some institution is not meant to 
indicate the source of the problem, but merely to indicate the type 
of questions asked in the engineering examinations of that institu- 
tion. 

Our thanks are due to Dr. Gorakh Prasad, Dr. Pran Nath, Dr. 
Hira Lai Agarwal, Dr. Shanti Ram Mukherji for the help iprctrin 
the writing of this book, 

December, i960 Chandrika Prasad 

Raj Krishna Bhatt 

PREFACE TO THE SECOND EDITION 

Besides extensive revisions of sections on Gencr^j] Prinrinins 
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MECHANICS FOR ENGINEERS 
FART I~STATICS 
CHAPTER I 

GENERAL PRINCIPLES & DEFINITIONS 

1*1 . Introduction. Mechanics is the branch of 
physical science which deals with the effect of forces 
upon bodies in motion or at rest. The subject of mech- 
anics is generally divided into two parts : statics and 
dynamics. Statics is the branch of mechanics concerned 
with the conditions under which the forces acting on a 
body are so balanced as to cause no change in its state of 
rest, and an equilibrium exists. Dynamics is the branch 
dealing with the motion of bodies. 

Mechanics plays an important part in engineering. 
Its importance lies in the fact that the design of 
structures and machinery is governed by the laws of 
mechanics. In applying the principles of mechanics to 
engirieering, the problems are often simplified down to 
retain only tiie salient features and to make the practical 
analysis simpler. For example, to obtain the forces in 
the members of a steel bridge the girders may be consi- 
dered to be thin rods pin-jointed at their ends. 

To develop the basic laws of mechanics we introduce 
certain mathematical idealisations. We consider a 
fartide to be a small portion of matter occupying a 
dehiiite position but having no dimensions. A bo4y is 
a part of matter limited in every direction. It o^upies 
some definite space and has a definite size and shape. 
It may be considered as a collection of particles joined 
together. A body is said to be rigid, when the relative 
distances of its particles remain fixed and do not change 
on the application of forces. Physical bodies are not 



small that they may be disregarded and the body may 
be taken as rigid. 

1“2. Fundamental Quantities and Units. In 
the development of the laws of mechanics, certain con- 
cepts are considered fundamental. They are : time, 
space, mass and force. The student is expected to have 
an iiitutive knowledge of these as no satisfactory deftni- 
tions can be given. 

Time is recognised by succession of events. Space is 
recognised as extension in all directions. The position 
of a point in space is generally determined by measuring 
its distance from a fixed standard point in three mutual- 
ly perpendicular directions. Mass of a body is the 
quantity of material (or matter) in it, Masses of bodies 
are proportional to the gravitational pulls exerted on 
them by the Earth, Hence the mass of a body is usually 
determined by means of the lever-arm balance. 

Two systems of units are used in the measurement 
of mass and distance. In the metric system the unit of 
mass is the gram (gm/^^) and the unit of distance is the 
centimetre (cm.), In the British system the units of 
mass and distance are respectively the pound (lb.) and 
the foot (ft.). The unit of time in both the systems is 
the same, namely the second (sec.). 

The gram and the centimetre are defined in terms of pieces 
of metal preserved in Paris, and the pound and the foot in terms 
of pieces of metal preserved in London. By an act of parliament 
passed in 1956, the metric system has become the recognised 
system of units in India. Often the units gram and centimetre 
prove too small for engineering practice. Larger units are kilo- 
gram^ksffiand metric tonne, or simply tonne(t.), for mass and metre 
(m.) and kilometre (km.) for distance. The conversion relations 
are . 

1000 gm.== 1 kg., 1000 kg.= 1 tonne. 

100 cm.== 1 m., 1000 m.= 1 km. 

Force is recognised by the push or pull that changes 
or tends to change the motiop of a body or its state of rest. 

*The abbreviation g. is also used for gram, but we shall use 
gm. to avoid confusion with g, the acceleration due to gravity. 



FUNDAMENTAL QUANTITIES AND UNITS $ 

Oiir primary concept of force arises from the muscular 
effort required to push or puli an object. In the pre- 
sent mechanical age this push or pull may be supplied 
by the steam power or by the explosive combustion of 
petrol. Another commonly experienced force is the 
Earth’s pull on a body. This pull of the Earth on the 
body is called its iveight and can be measured by a 
spring balance. The weight of a body varies slightly 
from "place to place, but the variation is so small that it 
may be neglected in practically all the problems in 
engineering. 

Forces always occur in pairs, so that if there is a 
force exerted by the first body on the second body, there 
is an equal and opposite force exerted by the second 
body on the first body. This fact was stated by Newton 
in his third law of motion. But in dealing with the 
equilibrium of one body, usually one force of the pair 
enters into consideration. 

Forces are of various kinds. Some arise on account of uni- 
versal laws of nature. For example, each particle in nature 
attracts another particle with a force proportional to the product 
of the masses of the two particles and inversely proportional to the 
square of the distance between them. This law by Newton 
embodies the gravitational pi'operty of matter. The weight of a 
body arises on this account. The Earth exerts a gravitational 
pull on each particle of the body. The pulls on the various 
particles can be combined into a single force acting through a 
point of the body known as its centre of gravity. Other forces of 
a similar nature are the attractive or repulsive forces between 
electrically charged particles, or between magnetic particles. 

Some forces arise because of mutual interaction between the 
particles of a body. For example when the two ends of a string 
are pulled apart, the particles of the string resist it by pulling each 
other together. This causes a force of tension in the string. 
Tension will also arise in a spring or a rod under similar conditions. 
If the two ends of a spring or a rod are pushed in then a force of 
compression will arise. 

A third type of force arises when a body presses against a 
surface. The surface will press tj^ie body back with a force known, 
as reaction. For a smooth surface the reaction acts in a direction 
normal to the surface. For rough surfaces a second force, known 
B.S friction, acting parallel to the surface, ahq comes into play. 
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When a body is hinged or supported at a point, then also a 
reactive force acts upon the body at the hinge or the support. 
Besides these types of forces, we may have forces due to the pres- 
sure of the wind or water on a surface. 

In metric system, the unit of force commonly used in statics 
is kilogram’s weight (kg. wt.), the force exerted on a mass of one 
kilogram by the Earth. Frequently the word ‘weight’ is dropped 
from the name of the unit, and we say ‘a force of one kilogram’. 
Other units of force are gram’s weight, tonne’s weight, and in the 
British system, pound’s weight (lb. wt.). 

We shall see in Part II that still other units of force can be 
defined from Newton’s second law of motion. These are the dyne, 
newton (N.) and poundal. The conversion relations for these are 
1 gm. wt. =980*7 dynes. 1 kg. wt.=:9‘807 N. 

1 N.= 10® dynes. 1 lb. wt. =32*17 poundals. 
The factors 980*7 and 32*17 occurring in the above relations are 
the mean values of g (see Part II) in metric and British systems. 
In application to practical problems they are generally rounded 
off to the figures 980 and 32 respectively, 

T3. Vectors. In order to completely describe a 
force, it is necessary to know (i) its magnitude, (ii) its point 
of application, and (iii) its direction. These three pro- 
perties of a force are called its elements or characteristics. 
A force differs in this respect from quantities like lengtli 
or mass which are characterised by their magnitudes 
only. 

Ouantities which possess magnitude only are called 
scalar quantities, e.g., time, mass, volume. Quantities 
which have magnitude as well as direction are called 
•vector quantities, e.g., force, velocity, acceleration. 

A 'vector quantity is graphically represented by a 
segment of a straight line drawn parallel to the vector. 
The sense is represented by an arrow-head on the line, 
and the magnitude of the vector is represented by the 
length of the line according to some convenient scale. 

Vectors are of two types. When a vector can be 
represented by any one of tSe parallel directed segments 
and its position its immaterial, it is called a free vector. 
When the position matters, the vector represented by 
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the directed segment through the point of application is 
called the localised or bound vector. 

1^4. Resultant of two forces. When two or more 
forces act on a rigid body; it is often possible to replace 
them by a single force whose effect on the body is sante 
as the combined effect oi all the forces acting on the body. 
This force, which is equivalent to all the other forces, 
is known as their resultant. The resultant of two forces 
is given by the following law of par allelog rani, of forces-. 

If two forces P and Q acting at a point A are repre- 
sented by the vectors A.B and their resultant R is 
represented by the diagonal TD of the parallelogram 
constructed with vectors AB and q 
AG as its sides. / 

Thus, in vector notation, q/ 

JJ+IO-AD, (1) L 

which is the law for addition of ^ 
any two vectors. 

This is the fundamental law 
on which many of the operations of mechanics are based. 
No satisfactory mathematical proof can be offered, but the 
correctness of the law can be \'erified experimentally. 
When the two forces act in the same direction, the law 
reduces to simple algebraic addition. 

The law of parallelogram of forces can also be stated 
in the following alternative form: 

The triangle law. If two forces acting at a point 
are represented by the two sides AB, BD of a triangle, 
then the third side AD represents their resultant both 
in magnitude and direction. 

Thus from t'ne triangle of 
forces ABD^ 

Mh--®=Zz)T . 

This _Mlows from (1) since 
BD — AG. It should be noted 
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however, that whereas the vectors m fagure 1 are 
ised vectors, those in figure 2 are tree vector. The 
resultant acts through the same point at which the 
component forces are acting. The triangle of forces is 
more convenient to apply graphically. 

These laws may be used either for graphic or for 
aVebraic solution of a problein. In the graphic solution 
accurate drawing is made to a detmite scale and 
the resultant is computed from the drawing by measure- 
nient. 

Tn the algebraic solution of a problem trigonometrical 

relations are used to obtain the resultant. Thus from 

bs:. 1 we have, 

^ == AB . BD cos ABD 

= 2 AB . AG cos (180^— -BJ.O), 

]l^ = P^+Q^+2PQ.cosa, 

where a is the angle between P and Q. This gives the 
magnitude of the resultant. 

For the direction of the resultant, we have from 

/\ABD (fig. 1) 

sin.dPI> sin DAB sin APB 
—JP BD AB ’ 

sin ( 180 — a) _sin 8 

or H Q ^ 

} sin a 


sin 0= • 


K 


1*5 " Resolution- of a force into components, 

-Rv reversing the parallelogram or triangle law a force 
he resolved into two components; that is the action 
or one force can be replaced by that of two lorces 
which will produce the same effect as the given force. 
Thi- process is called reaohSlion. Thus the force fi in 
2 page 5, can be resolved into components P and 

Q^'both acting at the point 4. 
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Since the point B in fig. 2 can be chosen at rando.n, 
hence a given force can be resolved into two components 
in an infinite number of ways. The resolution of a 

force into two components which are mutually per- 

pendicular to one another, called rectorit/ulctr comj)o»e«(s, 
is of special importance. 

Suppose the force B is to be resolved into two 
components one making an angle 
6 with B and the other at right 
angles to the hrst. Completing the 
rectangle ABDG, we see that the 
two components X and i are 
given by 

X~B cos 
and Y=B sin 6. 

1'6, Equilibrium of two forces. When the resul- 
tant of a system of forces acting on a body vanishes, the 
forces are said to balance and the system is iri eqmhbnum. 
It follows that a body cannot be in equilibrium under 
the action of a single force. 

When two forces act at a point of a body, they will 
have a non-zero resultant except when the forces are equal 
in magnitude and opposite in direction. When the forces 
are equal and opposite, 
the body will be in equi- 
librium. Now consider 
two equal and opposite 
forces having the same 
line of action but acting 
at two different points 
of the body. For example, 
when a rod AB is pressed 
normally against a 
smooth wall by a force F 
acting at i5 in the direc- 
tion BA^ an equal and 
opposite reaction F is 
exerted by the wall which 


ilC liA U.li 


Forces exerted by the body in 
compression/tension 


compression 


tension 


— 
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acts OB the rod at in the direction AB. These two 
forces at A and B try to effect a compression of the rod. 
If the rod is rigid no change in length will occur, but 
internal forces will be set up beween the particles oppos- 
ing the compression. If we cut the rod at a point D, 
the forces exerted by the part AD on the part DB will 
be as shown in the second figure. The forces exerted 
byanypartODoftherod (orby the whole rod AB) on the 
rest of the system are indicated by arrows in the third 
figure. A similar state of affairs will exist for a body 
pulled apart by two forces acting at two different points. 

Hence two equal and opposite forces acting on a rigid 
body at two different points will keep it in equilibrimn if 
they are collinear. In engineering practice a rod in com- 
pression under two forces is called a struts and a rod 
in tension in called a tie. 

1«7. Trasasmissibalaty of forces. We have seen above that 
when two forces equal in magnitude and opposite in direction act on 
a rigid body along the same line, they balance one another. A con- 
sequence of this is that when a force acts upon a rigid body Us effect is 
unchanged if it be transferred to any 
other point on the line of action of the 
force. 

Thus a force F acting at a 
point A on a body can be traias- 
ferred to any other point, say B, 
on the line of action of the force. 

Proof. Introduce at B two 
equal and opposite forces F and 
— F. This will not disturb the 
conditioti of the body. Now the 
force F at A and — F at B will annul each other and a force F at 
F will be left. This proves the principle of trinsmissibility of 
forces. 

The student should note that the proposition may not hold 
for bodies which are not rigid, since the force F at A and — F at 
B may change the dimensions of a non-rigid body. 

1*8. Space diagram and free-body diagram. 
A problem in statics generally consists of a statement of 




SPACE diagram and FREE-BODY DIAGRAM ^ 

ceitain known and unknown quantities and of relations 
between them, from which some unknown elements 
are required to be determined. For example, suppose 
it is given that one end of a rod, of weight W pounds 
and length I feet, is pinned to a wall and is kept hori- 
zontal by a cord attached to the other end, the free end 
of the cord being fastened to a point on the wall, s feet 
vertically above the pinned end; and it is required to 
find the tension in the cord. 

The following procedure will be useful to analyse- 
the problem : 

First draw a space diagram to show the situation 
of the body as it exists, including surrounding parts- 
[fig. (a)]. 



(a) Space diagram (b) Free-body diagram (c) Force diagram 


Next draw a free-body diagram for the body 
separated from the surrounding parts, with the forces 
acting on the body due to these parts (and any other 
forces; shown by localised vectors [fig. (&)]. Qiiite 
often it is not necessary to draw a separate diagram, 
as in figure (6), but having drawn the space diagram, that 
very figure is turned into a free-body diagram by draw- 
ing directed lines to indicate the forces. 

In the present case there are three forces acting 
on the body. The tension T of the string, the weight 
W of the body, and the reaction U of the pin. The 
tension acts along the string. The weight of the body 
acts vertically through the centre of gravity of the body. 
The third force is drawn to p^ss through the intersec- 
tion of the other two, since, as we shall see in chapter II,, 
three forces in equilibrium meet at a point,^ 
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When there are several bodies jointed together 
separate free-body diagrams may be drawn for each 
part. From the free-body diagram we can draw a force 
diagram, [ fig. (c)]. In this diagram, the forces acting on 
the body are represented (on any particular scale) by 
free vectors drawn end to end in order. 

Ex. 1. A man of weight W stands on a rung two-thirds 
way up a step-ladder placed on smooth level ground. The weight 
of each arm of the ladder is w and its length 2a. The two arms 
are connected at their middle by a weightless rod of length a. 
Draw free-body diagrams for the two arms of the ladder and the 
tie rod. 

The space diagram is shown in fig. 1 and the free-body dia- 
grams in fig. 2. 



To draw the free-body diagram for arm AB, we notice that the 
reaction R |of the ground at A will be vertically upwards, being 
normal to the ground; the tension T of the tie rod at D will be in 
the direction DE; the weight w of the ladder will act at D and 
the weight W will act at |c from A towards B, both vertically 
downwards. The reaction of the hinge at B is not known in 
magnitude or direction. So we show it by its two components 
Bx and By. 

Similarly for BG the reaction 5 at C is vertically upwards, the 
tension at E is in direction ED snnd the weight w at E is vertically 
downwards. Since by Newton’s third law the action and reaction 
are equal and opposite, the reaction of the hinge B on BC has the 
same components Bz and By but in directions opposite to those for 
the arm AB. 

The free-body diagram/or the tie rod DE consists simply of 
two equal and opposite forces acting at D and E. Again applying 
Newton’s third law we notice that the forces at D and E, whether 
acting on AB, BC at DE, have' all the same magnitude T. 
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Ex. 2. A beam AB, 20 metres long, is simply supported at A 
and a point 4 metres from B. It carries a uniformly distributed 
load of 1 tonne per metre for the first 12 metres of its length, a 
point load of 6 tonnes at 12 metres froin A, and a second point 
load of 4 tonnes at 5. Draw the free-body diagram for the beam. 

In this case we draw the space diagram first and turn that 
diagram into a free-body diagram by indicating the forces. All 
the weights and the reactions 

are vertical forces, the former ^ 12m- > 

acting downwards and the ' _ 

latter upwards at the specified , 

points. The distributed load c r a „ 

can be taken as a single force 

of 12 tonnes acting through ^ J 

the middle point of the 12 ? Hi ®i § 

metre span. The completed 20 m. 

diagram will be as shown. 


12m.- 


mmzmmzm 


1 — 1 

^ — Qm — . 

6m 

-4m^ 






^ 12t 6^ 5 

20 m’. 


1"9. Methods of solution of problems. There 
are two common methods for the solution of problems 
in statics : 

(i) Graphical method, 

(ii) Analytical method. 

In graphical method, the forces, known from the free- 
body diagram, are plotted to scale and then the 
unknown elements are found from the completed force 
diagram. 

In analytical inethod, the unknown forces are re- 
presented by letters in the free-body diagram, the 
equations of equilibrium are framed and then solved. 

In order to understand thoroughly a subject such 
as applied mechanics, it is necessary for a student to 
know both these methods and to solve a good number 
of problems by both the methods. If time permits, 
solution by one method and aP check solution by the 
other method will give confidence in the results 
obtained. 
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Examples 1 

1. A body of weight 750 kg. lies on a plane inclined at 27® 
with the horizontal. Resolve the force parallel to the line of 
greatest slope, and perpendicular to the plane. 

2. Resolve a force of 50 newtons into components whose 
sum shall be 75 N. and which shall be inclined at an angle 
of 120°. 


3. Show that the resultant of two forces, acting at a point 
0 in the direction OA and OB and represented in magnitudes by 
A . OA and ix . OB, is represented by (A+fi) • OC, where C is a point 
in AB such that X .CA — fi. CB. 

4. The resultant of two forces P and is of magnitude P, 
Show that if the force P be doubled, Q^remaining the same, then 
the new I'esultant will be perpendicular to Q, and its magnitude 

willbe 


1 





t 


5. ABC is a triangle, and D, E and F are mid-points of 
sides BC, CA and AB respectively. Forces represented by | BE 
and I CF act at a point where AD and BE meet. , 

Show that the resultant is represented in mag- 
nitude and direction by ^AB and that the line 
of action divides BC in the ratio 2:1. 

[Banaras, ’32] 

6. Does a contact between two bodies 
always give rise to an action and reaction 
between them ? Indicate the reactive forces 
on the block in the two cases shown in the ad- 
joining figures. 

7. Two equal cylinders A and B each of weight W, 
placed on a horizontal plane in contact with 
one another. Is there any action and reaction 
between them at the point of contact ? 

If an endless stretched rubber band holds 
them together, draw the free-body diagrams ’’ 
of (i) the cylinder A, (ii) the two cylinders _ 
combined. ^ 

8. A block of weight is placed on a | A j; ‘ 

block of weight kFg which is placed on a /\ 

horizontal table (Fig. 8). Draw the free-body r- 
diagrams of the two blocks separately, and of 

the two blocks combined. T 

9. Draw the free-body diagram of a heavy ball held by £ 
string and inipontact with a smooth vertical wall (Fig- 9). 
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10. A tie rod AB supports a load W (Fig. 10). Draw the 
free-body diagram of the portion of the rod lying below CD. 



11. Two smooth spheres of weights JV^ and rest within 
a smooth cylinder of weight fV which is placed on a horizontal 
table (Fig. 11). Draw separate free-body diagrams of the two 
spheres and the cylinder. Assume the radii of the spheres and 
the cylinder to be and r respectively. 



12. In the system shown in figure 12, the members AC and 
EC are connected by a smooth pin at C, and the member EC loaded 
by a weight of 100 kg. at E. Draw the free-body diagram for the 
entire system considered as a single body, and also separate 
diagrams for the members AC and CE. 






CHAPTER II 


GOPLANAR CONCURRENT FORGES 

2‘L ResuitJitit of coplanar concurfent forces, 
(i) The Gra%)hical Method. Suppose the forces F-^.. 
Fg, F;} and act at a point 0, as in figure (a) below. 
Then using the triangle law their resultant may be 
found as follows. 



(a)Free-body diagram (b) Force diagram 


From any point draw free vectors AB^ BG^ GD 
and DB to some convenient scale parallel to the forces 
Fi 5 F25 F3 and F4 to represent them in order [fig. (b)]. 
The resultant E is then given both in magnitude and 
direction by the closing line AE of the force polygon 
ABODE. 

Proof. Join AG, AD md AE. 

From the /\ABG : ^ =AE+BO- 

„ „ /\AOD : ~W^W+W=- A^ 1 ^G^ _____ 

„ „ AADE : AE=-AD+DE=AB+BG+GD+DE^ 

Hence AE is the resultant of the given forces Fj_, 
F2, Fg and F4. .. 

(ii) The Analytical Method. Let F^, F^, Fg, ... be 
a system of coplanar forces acting at a point 0 . 
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Take a set of rectangular axes OX and OTj and let, 

Fi 5 Fg, . . . make angles aj, ag, ag. . . . with OX. 


Y 



Now, the force can be replaced by the rect-- 
angular components cos along OX and sin aj^ 
along or. Similarly, the forces Fg, Fg, . . . can be re- 
placed by the components Fg cosag, Fgcosag, ... along 
OX and Fg sin a^, Fg sin ag, ... along OT. 

The components along OX can be added up to a: 
single force X, and those along OY can be added up. 
to a force Y, where 

X^Fj^cosai+FgCosag+FgCOsag-f-. . ., 
and y =F 3 Lsina^+F 2 sina 2 +F 3 sina 3 +. . . . 

Thus the system reduces to two forces X and Y 
along the two axes. These can be combined to give a 
single resultant B acting through 0 at an angle 9 to 
the x-axis. By § 1'4 we see that the magnitude of the 
lesultant B is given by 

and the direction by 

tan0=y/X. 

Ex. Find the resultant of the four forces represented in the 
figure on the next page. The forces are given in kilograms. 
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Let R be the resultant 
■of the system, acting at an 
angle 0 with the A:-axis. 

'Then 

II cos 6 ~ X = 20 cos 30'’ 

4-30 cos (180°— 60”) 

+ 10cos(180°4-4h°) 

4-25cos(360°-45°) 

= 20(v'3/2)-30xi- 

-10(l/V2)+25(i/v'2) 

= 12-92 kg. 

R sin 9 — T = 20 sin 30°4-30 sin 120°4-10 sin 225°4-25 sin 315° 

= 20xi4-30(V3/2)-10(i/V2)-25(l/v'2) 

= 11-24 kg. 

/^-X24-3"'='/{(12-92)H(li'24)2}=17*l kg. 
and tan 0= r/A:= 1 1-24/12'92=0-87. 

6 = 41° in the first quadrant, since X and T are both positive. 

2‘2. Moment of a force. The moment of a force 
about a point is delined as the product of the force and 
the perpendicular distance of its line of action from the 
point. 

Let F be the force, 

O the given point, and 
2 ) the perpendicular 
distance of the line of 
action of the force F 
from 0. Then the mo- 
ment of the force F 
about 0 is F'p. 

The perpendicular 
distance p is called the 
arm of the force axid the 
point 0 about which 
the moment is taken, is called the centre of moment. 

Let X, Y be the components of the force F and 
let 8 be the angle it makes with aj-axis. Then 


Y 



Fig. 1 


V 
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X = Fcos6^'¥~Fsind. 

Let (x, y) be the coordinates of a point A on the 
line of action of the force F^ and let <l> be the angle OA 
makes with the ic-axis. The moment of force F about O 

=Fp 

=F.OAsm{d-~cl^) 

=:=F.OA{smdcos<f)—cosdsm(l>) 

—F sin 6 ,OA cos (fi—F cos 9 .0 A sin <l> 

y .X :=la^--Xy, ... ( 1 ) 

Let KLMN be a plane co ntaining the force F and the centre 
of moment 0 (fig. 2) . It will A 

be seen that the moment of the 4* 

force about 0 measures the 

tur ning effect of thtioTctEFbovit Y 

ail axis AOB, which is normal k A 

to the plane containing the ^ -Tp — 

force F and the point 0. / X'\ / 

This fiormal line through 0, .L-tf \ / 

is called the axh o/ the moment. yX 

The units for measuring / ^ yX 

the moment of a force are y' y 

gramme-centimetre (gm-cm.), ^ ■■ t. 

kilogramme-metre (kg-m,), 
or pound-foot (Ib-ft.), A ' 

moment which produces anti- 8 

clockwise turning effect, when Fig. 2 

viewed from the positive side 'v 

of the axis, is regarded as a positive 
moment, and a clockwise turning Y 

effect is taken as a negative moraonX. | L*^**^^ 

Thus the moment of the force F in 

figures 1 and 2 is positive, while the x 

moment of F in figure 3 is negative. ^ / 

For the last case, the moment of F 
about 0 P 

= ~Fp = ~F. 0Asin{p—B) q 3 

=-F.0Aun{e~p) Fig. 3 

= Tx — Xy, as in (1). ® 

ine moment of a force about a point is a vector quantity 


acting along the axis of the moment. 
m2 


When a number of forces 
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act in a plane, their moments about a point 0 in the plane are 
various vectors all acting along the same axis. So the resultant 
moment (total turning effect) due to all the forces is the algebraic 
sum of the moments of the forces about 0 . We shall now show that 
this resultant moment is equal to the moment about 0 of the 
resultant of all the forces. 

2*21. Principle of Moments. The algebraic sum 
of the moments of a system of coplanar concurrent forces about 
any point in their plane is equal to the moment of their resultant 
about the same point. 

Let ^13 -^23 ^33 • • • be a system of coplanar concur- 
rent forces at A [x^y) and let 0 be the centre of moments. 
Let A'l, Ify T^; T.y, ... be the components of 
the forces ... parallel to the axes, and Z, T 

those of R, the resultant of the system. Let pi^p^ipz , ... 
p be the lengths of perpendiculars from 0 on •h> 

R respectively. Then, we have, 

r==ri+r3-j-r3+... . 

By equation (1), §2*2, the 
sum of the moments of 
the forces about 0 

■^ 3 /^ 3 + 

=A'(TH-ra-hr3+...) 

-j;(A\+Za+Z3+...) 

=.xT--yX^Rp. 

Hence the sum of the moments of the forces about 
0 is equal to the moment of the resultant about the 
same point.^ 
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Examples 2 


1 . Forces P and Q,cut at a point 0 and their resultant is Ji; 
if any transvei'sai cut the forces in the points L, M, JV respectivelyy 
show that 

[Jodhpur, imb}, 

01. OM OjY ^ 

2. The resultant of forces P and Q,is R', if C2, is doubled, R is 
doubled whilst if 0 is reversed, R is again doubled. Show that 

P : (1: R : :^2 : : ^2. [Ranchi, 1965] 

3. If forces of magnitudes P, R act at a point, parallel 

to and in the same order as the sides of an equilateral triangle,, 
prove that the magnitude of the resultant is 

4. Three forces P, and R act at a point in a plane. The 
angles between, P and 0 , and Q, and R, are a and ^ respectively. 
Show th a r the magnitude of the resultant is 

Q,2-}-i?®-i-2PC) cos a4-2<2i2cosiS+2Pis: cos (a-b|S) }. 

,5. Determine the magnitude and the direction of the resul- 
tant of the forces acting at a point and having the magnitudes 
and directions given in the following table. 


Forces in kg. wt. 

100 

80 

50 

70 

Angles 

20° 

60° 

135° 

200° 


Forces in new- 
tons 

3000 

2150 

4300 

5000 

Angles 

60° 

i 

120° 

240° 

300° 


6. If the force P = 1 00 kg. acting as 
shown in the figure and a force <2, (not 
sho^■vn) whose line of action is along 
AB, have a resultant R which passes 
through the point 0, determine the 
magnitudes of Q, and B. The distances 
OB and OC are given in the figure* in 
centimetres. 

7. It is desbed to exert a horizon- 
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tal force of 25 kg. on the body by means of a vertical pull Pas 
sliown in the figure. Find the magni- 
tude of/-* and the magnitude of the 
force in tlic string OB. 

8. A telephone pole has five wires 
1 ‘adiating horizontally from the top, 
producing the following horizontal 

pulls : 200 kg. due south, 190 kg. due east, 205 kg. due north- 
east, 185 kg. at 30“ east of north, 210 kg. due north-west. Find 
graphically the resultant pull on the top of the pole. Verify 
the result analytically. 

9. ABCD is a quadrilateral, and E the point of intersection 

of the lines joining the middle points of the opposite sides. 0 is 
any point. Prove that the resultant of the forces OA, OB, OC, 
OB is equal to 4(OE). [Banaras, 1964] 

10. Three forces represented by vectors 'PAt 'PB and ^ 
diverge from a point P and three forces represented by vectors 
AQ^, BQ^ and CQ, converge to a point Q^. 61iow that the 
resultant in magnitude and direction is given by 3 PQ^ and that 
it passes through the centroid of the triangle ABC. [Banaras, 1940] 



11. A 100 kg. vertical force is applied 
to the end d of a lever attached to a 
shaft at 0. Determine 

(i) the moment of the force about 0; 

(ii) the magnitude of the horizontal 
force applied at A which creates 
the same moment about 0; 

(hi) the smallest force applied at A 
which will liave the same mo- 
ment about 0. 

12. A lai'ge heavy block in the shape of a cube, side a, is resting 
on a horizontal floor; and is to be turned over about an edge by 
pulling with a crane. Where and in what direction should the 
cable of the chain be attached if the moment of the pulling force 
about the edge is to be maximum, the magnitude of the puli remain- 



ing the same. 

13. Show that if a light 
string passes round a pulley , 
mounted on smooth bearings, ^ 
the tensions in the two portions j 
on cither side of the pulley \ 
are equal. 

14. The piston C of the 
engine shown in the figure has 
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a radius r. and the gas pressure in the cylinder is p. Determine 
the thrust in the connecting rod BC and calculate the turning 
moment exerted on the crank shaft AB when the angle BAG 
is 6. Taked5 = i 2 andi?C=&. 

[Hint. The force P due to pressure —rrr^p. The thrust T 
along CB is the resultant of the force P, and the reaction R of the 
cylinder wall acting normal to CA. Therefore, if /_BC.A = p, 

T cos <f) = P =7n--p, or T=-Trr^p I cos (f>. (1) 

The turning moment M 

= 7”sin (0+^) =7rr^^ sin (0+c^)/cos 

=7rr-p{sin 6-Pcos dtancp). ■ . . (2) 

: Also, from triangle ABC, 

sin Bjb —sinfpla, 

so that cos ^ =v^{l — sin^ 

Substituting for in (1) and (2), we get T and ilT] 


2“ 3. Eqiallllirmrii tlaFee forces® ' We have 
seen earlier that if a body is in equilibrium under the 
action of two forces, they must be collinear. We shall 
now show that if a body is in equilibrium under the 
action of three coplanar forces, then they must either 
meet at a point or be parallel. 


For, if the forces are not parallel and if tv/o of the 
forces be combined into a resultant, then in order that 
the third force balances this resultant, it must act along 
the same line as the resultant (though in opposite 
direction) . Hence the three forces must meet at a 
point. This fact is very useful in determining the 
line of action of an unknown force, if the lines of action 
of the other two are knovm. . 


For example, suppose a rod AB, ‘ 
2 m, long and of weight 4 kg., is 
pinned at d to a wall and the other f 
end B is supported by a cord BC, C | 
being 1 m. vertically above d. The I 
rod is kept horizontal by the cord. It ' 
is required to obtain the reaction of 
the pin at A and the tension in the* 
cord BC. 




The free-body diagram for the 
rod gives three forces in equilibrium, the weight of roc! 4 kg* 
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acting through its centre of gravity G, the tension T in the cord 
&t B, and the reaction R of the pin at A. These three forces, 
therefore, must meet at a point. Since the lines of action of the first 
two forces are known, that of the third force R is obtained by joining 
A to 0, the point of intersection of the first two forces. The magni- 
tudes of tension T and the reaction R can then be found graphi- 
cally by the triangle of forces or analytically by the methods 
given below. 

2*31. Lami’s TJheorem. When three concur- 
rent forces acting on a body keep it in equilibrium 
their magnitudes can be determined from the follow- 
ing theorem known as Lami’s theorem. 

If three concurrent forces in a plane be in equilibrium, 
then each is proportional to the sine of the angle between the 
other two. 

Let Fi, Fg, and Fg be three concurrent forces in 
equilibriumj and let a, y be the angles between the 
forces. 




Represent and Fg by parallel free vectors 

AB, BC and CD. Since the forces are in equilibrium 
their resultant vanishes, and so D must coincide with 
A. Hence F 3 is represented by CA. 

Produce AB toF; then since BE and BC are parallel 
to F^ and F^, the angle between them is equal to the 
angle between F^ and* Fg, namely y . Hence 
— fEBC=7T — y. 

Similarly • a, and /_A = rr—p. 
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or 


By trigonometry : 

AB ^ BC ^ CJ 

sinC sin^ sinB* 

_ -Fb 

sin (tt— a) sin (■sr— j8) sin (v- 
sin a sinjS siny* 


-y) ^ 


_ 2*4 


Ex. L A cord, with a weight of 80 kg. fastened at one end and 
another weight of 50 kg. at the other end, is hung over two smooth 
pegs which are in the same hoi'izontal line 2*4 m. apart. A weight 
of 70 kg. is suspended from a knot on this cord between the pegs. 
Find the vertical distance of the knot below the line of the two 
pegs tvhen the system is in equilibrium. 

Let a and be the angles made 
by the cord segments AO and OB 
with the vertical. The free-body 
diagram for the knot 0 gives three 
forces 70 kg., 80 kg. and 50 kg, in 
equilibrium. 

The resultant of 80 kg. and 50 
kg. is balanced by 70 kg. Therefore 
70^=802+502+2 . 80 . 50 cos (a+/3), 



or 


cos (a+^) 


Hence, 

By Lami’s theorem : 


702 - 803-502 
2x80x50 
= 120L 

70 50 

sin< 


= -0*5, 


a+^_ 

80 

sin^~ sin (a+jS)” 

.*. sin a sin (a+^) sin 120°= 0*61 86, 

siny8=f sin (a+j8)=|sin i20° = 0*9897, 
so that a = 38° 12', /S = 81° 48'. 

Tiic vertical distance CO of the knot fi-om line AB is given by 
AC— CO tan a, 

BC=COtanA 

riC'+BG' = CO (tan a + tan j3), 

AC+BC 2*4 


CO = 


tana+tan^ tan:^° 12'+tan 81° 48' 


= 0-31 m. 


Ex. 2. A heavy uniform rod of weight W rests with its ends 
on two smooth inclined planes, whose inclination with the hori- 
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zontal arc a an.d /3 (a<jS) . If 6 be the inclination of the rod with 
the verticals prove that 

cot 0 = |(cot a— cot , 
and the reactions of the planes are 

l¥ sin j8 ' W sin a 

respectively. 1966] 

Suppose the rod AB makes an angle 6 with the vertical. The 
frcc-body diagram for the I'od 
gives 3 forces, Hi, Rs, and W in 
equilibrium. Hence, by § 2’3, • 

they must meet at a point 0. 

From /\OGA, we have 
OG __ sin (d~a) 

GA™ sin a 
From AOGB, we have 
qG__ sin (a-hjg) 

GB sin ft 

Since GA = GS, therefore 

sin {B~a) _ sin(^-h^) 
sin a sin ft ’ 

or sin 0 cos a— cos 6 sin a __ sin 9 c os ft-j~cos 6 sin ft 

sin a sin ft ® 

or sin^cota— cos^ = sin0cot/S+cos 0, 

or 2 cos 0 = sin 0(cota— -cot/3), 

or cot0==|-(cota— cot j6). 

Applying Lami’s theorem for the concurrent forces at 0, 

Ri ^ R, W 

sin{7T-~ft) sin(7r— a) sm(a-j-/i)’ 



Therefore = R^ 

^ sin{a-\~fty ^ 


W sin a 

^(^A-fty 


2*4* Equlliliriiiiii of CoHcarrent Forces i 
Graplbically* The resultant of coplanar concurrent 
forces was obtained in § 2T as the closing line of a force 
polygon. If the system is* in equilibrium the resultant 
is zero and the closing line of the force polygon should 
vanish, that is, the force polygon must close. 
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Thus if ... be a system of concurrent forces 

in ' equilibrium then the corresponding force diagram 



(fi) Free-body diagram [b) Force djagrasn 


ABCD..'. is a closed force polygon, that is, the final 
point F coincides with the initial point A (fig. b) . 

Hence the graphical solution of a problem in^ 
equilibrium, consists in plotting in order, to some 
scale, the forces which are known and then finding the 
unknown forces by closing the force polygon. Only 
two unknown quantities can be found out, which may 
be : 

(i) One force unknown in magnitude and direc- 
tion, or 

(ii) Two forces unknown in magnitudes but known 
in directions, or 

(hi) Two forces unknown in directions but known 
in magnitudes. 

2*41 « Bow’s Notation. In graphical solution, 
it is convenient to use Bow’s notation. In this notation 
the forces in the free-body diagram are denoted by a 
pair of letters, one on each side of the line of action of 
the forces and read clockwise around the diagram. 
The corresponding vectors in the force diagram are 
denoted with the same lower case letters at each end 
of the vectors. 

For example, the figure '{a) below shows three 
concurrent forces in equilibrium. According to Bow’s 
notation they will be called AB, BC and CA; and the 
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corresponding force diagram (fig. b) is a triangle of 
forces abc. 



b 


(fl) Free- body diagram (6) Force diagram 

Ex. 1 . A point 0 is held in equilibrium under the action 
of 4 forces: one, 150 kg. acting horizontally to the left, another, 
iOO kg. acting vertically upwards and the third and fourth forces of 
magnitudes 125 kg. and 200 kg. respectively. Determine the 
directions of the last two forces. 



(^) (^) 


Adopting Bow’s notation, we have, forces /li> = 150 kg., BC 
= 100 kg., CD = 125 kg,, and DA—2QQ kg. in equilibrium [fig, 
(a)]. The directions of the last two forces are required. Draw 
vectors ab = 150 kg. and ^c=100 kg. (scale 1 cm. =50 kg.) as shown in 
figure {h). With points c and a as centres draw arcs of radii meas- 
tiring 125 kg. and 200 kg. respectively to intersect at d and d'. 
Then abed is one force poly^n and abed' is another force polygon. 
The vectors ^ and '5a (or ~cd' and d'a ) will give the directions of 
forces 125 kg. and 200 kg. respectively. 

By measurement, the angle made with the .t-axis by : 

125 kg. force is 46° dr 248 '5°, 

2P0 kg. force is 290° or 6°. 
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Ex. 2. A crane consists of a vertical post AE, a jib AB 
and a tie CB. A cable runs over a smooth pully B and is wound 
on a drum at Z). Angle BDC=60° and BCE=75 . 

Find the forces in CB and AB when a weight of 2*5 tonnes is held by 
the cable. 

Under the action of load 2*5 tonnes, the cable is in 
tension, the force being 2 ’5 tonnes, as the pulley^at 5 is smooth; 
the jib AB is in compression and the tie .SC is in tension. 

Fig. {b] is the free-body diagram for the point B, giving 4 
forces in equilibrium: force MM=2'5 tonnes, force JYP=2'5 



tonnes and forces and QM which are required in magni- 

tude, their directions being known. While naming the forces by 
Bow's notatio7i, due care is taken to group all the known forces together 
and the unknown forces together^ 

Fig. (r) is the force polj^on^ drawn to scale 2 cm. =2’5 tonnes, 
with vectors inn, np, pq and qm drawn parallel to forces MM, MB, 
PQ, and Qfl respectively. 

Ey measurement, vector ^=tension in tie PC=2*2 tonnes, 

vector gm =compression in jib dP =6; 1 tonnes. 

2*5. Eqwiliferiiiiii of Conciirreiit Forces s 
Analytically. I . Resolved parts of forces. 

The resultant R of coii«;iirrent forces is given by 
where and T are the sum of the rcsolyed parts of the 
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forces along the two axes. For the system to be in 
equilibrium must be zero. But R is zero only if 

Z=0 and r=0. 

Hence the necessary and sufficient conditions for 
equilibrium are that the sum of the components of all 
the forces in any two perpendicular directions in the 
plane of forces be separately zero. 

To determine the unknown elements in a problem 
of equilibrium we write down the ec ^^ ions Z= 0, T= 0 
and solve them for the unknown elements. Since these 
are two independent equations, not more than two 
elements can be found, w'hich may be either two mag- 
nitudes or two directions, or one magnitude and one 
direction. 

II. Moments of forces. 

By the principle of moments, the sum of moments 
of a system of coplanar concurrent forces about any 
point is equal to moment of the resultant about the 
same point. If th^orces are in equilibrium the resultant 
is zero and so tie sum of moments of all the forces 
about any point k in the plane of forces is zero. 

This condition, namely Ma = 0, must be satisfied 
for equilibrium. But this is not sufficient as it may 
only imply that the resultant passes through A. To 
make this condition sufficient, wc take moments about 
another point B, such that the line joining A and B does 
not pass through the point of concurrence. Then the 
equations of equilibrium are ; 

Ma—0 and Mb = 0. 

An alternative set of equations, obtained by a com- 
bination of the above methods, may be expressed as ; 

X=0,Ma = 0, 

where A is a point not on the perpendicular from the 
point of concurrence on the Z-axis, 



29 


EQUILIBRIUM OF CONCURRENT FORGES 


Ex. T]ie figure below represents a panel point of a bridge 
truss. Tiie stresses in two members are 30.000 kg. and 18,000 kg. 
as shown. Find the 
stresses P and Q, in the 
other members. 

Resolving the forces 
along the horizontal 
and the vertical lines 
through the joint 
point, 

P-300004- 0^ cos 60° 

= 0 . ( 1 ). 

18000-f Q.sin60°=0. 

. . . ( 2 ) 

From (2), a.y3/2 = -18000, or -20,800 kg. 

From (1), P=30000-Q,cos 60^=300004-20800 X’ 5 = 40,400 kg. 



Examples 3 

A heavy uniform rod AB, of weight fF, is hinged at A 
and rests inclined at 60° to the herizontal, being acted upon by a 
horizontal force F applied at the lower end B. Find the reaction 
at the hinge and the magnitude of the force F. 

2. A cyclist, whose weight is 80 kg., puts- all his weight upon 
one pedal of his bicycle when the crank is horizontal and the 
bicycle is prevented from moving forwards. If the length of 
the crank is 15 cm. and the radius of the chain-wheel is 10 cm., 
find the tension of the chain. [Banaras, 1 965] 

MT A body of weight 15 kg. is suspended by two strings, 
of lengths 21 and 3/, from two points A and B on the same hori- 
zontal line. The distance between zl and B is, 31. Find the 
tensions in the strings. 

' 4 . A uniform beam, of length 2a , rests in equilibrium against 
a smooth vertical wall and upon a smooth peg at a distance b from 
the v;all. Show that the inclination of the beam to the vertical is 

sin-if^y : [Roorkee, 1959] 

5. A body, whose w-^eight is fF, is supported on a certain 
smooth inclined plane by a force P, acting horizontally. The 
same body can also be supported by a force Q,, acting parallel to 
the plane. Show that 

±=i4.X 

_ 6. A ring, weight IF, can slide on a smooth circular w'ire of 
radius r in a vertical plane. The ring is held in given position 
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by a string of length I {I <2r), attached to the highest point of the 
vertical circle. Show that the reaction of the wire on the ring is 
IV and the tension in the string is Wl/r. 


7, A garden roller has a 
-P diameter 80 cm. and weight 100 kg. 
It is required to pull it over a step 

) 8 cm. high, as shown in the diagram. 

The handle is pulled in a direc- 
j tion making 60° with the vertical. 
I What force is required just to lift 
^Wem! roller from the gi’ound? 

A man wishes to pull a 
I lawn roller of diameter 2 feet and 


weight 200 pounds over a stone 4 inches high. Find the direction 
in which he should pull so as to raise the roller with the least effort 
and also the force he applies. [Banaras, 1964] 

9. ABC h a uniform rod of weight W; it is supported, {B 
being upper-most) with its end .4 against a smooth vertical wall 
AD, by means of a string CD, being horizontal and CD inclined, 
to the wall at an angle of 30°. Find the tension in the string and the 
reaction of the wall and prove that AC=^AB. 

^ 10. A load of 14^=2000 kg. is hung from a pin P at which 

pieces AP and BP meet like the tie rod and jib of a crane. The 
angles WPB and WPA are 25° and 60° respectively. Find the 
forces in AP and BP, 

*^1 1 . The strut of a jib crane is 18 feet long and the tie, 14 feet, is 
fastened to the upright, 12 feet above the bottom of the strut. If 
the strut cannot support a thrust greater than one cwt., find the 
minimum load on the crane which would cause the strut to break. 

, . ' [Allahabad, 1963] 

V 12. Two weights of 200 kg. and IF kg. are supported by 3 
strings, AB, BC and CD, 
knotted together as shown 
in the figure. The strings 
AB, BC and CD make 
angles of 60°, 15° and 45° 
with the horizontal res- 
pectively. Find the ten- 
sions in the strings and 
the weight W. 

13. A light rod siB 
hangs horizontally by two 
strings from a point C and 
weights of 8 kg. and x kg. 

are attached to A and B respectively. If the angle ABC is 60' 
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and the tension in the string JSC is 10 kg. wt,, find the value of .r,. 
the tension in the string BC and the angle iiJC. 

A solid cone, of height h and serai-vertical angle a, is placed 
with its base against a smooth vertical wall and is supported by a 
string attached to its vertex and to a point on the wall, show that 
the greatest possible length of the string is 

tan® a). [Roorkeey l^^l\ 

A wheel has five equally spaced radial spokes, all in ten- 
sion. If the tensions of tlwee consecutive spokes are 2000 kg., 
2800 kg. and 2400 kg. respectively, find the tensions in the other 
two. 1965] 

wiO. A uniform rod rests with one extremity against the inner 
surface of a smooth fixed hemispherical bowl of radius r; the rim 
of the bowl is horizontal. If the length of the rod is m times the- 
radius of the bowl (?? 2 > 2 ), show that in the position of equilibrium,, 
the rod makes an angle B with the hori- 
zontal given by 

4 cos cos 0 , 

and the reaction at the point of the rim of 
the hemisphei'e in contac® with the rod is 
where W is the weight of the rod. 

%d'7. A smooth hemispherical bowl of 
radius 30 cm. is placed so that its edge 
touches a vertical wall. A uniform rod of 
weight 5 kg. is placed wdth one end resting 
on the inner surface of the bowl and the 
other end resting against the smooth wall. 

In the position of equilibrium the rod makes 
an angle of 30° with the horizontal. Find 
the reactions of the wall and the bowl and 
the length of tlie rod. 

..d8. Find the magnitude of the pull 
exerted on the nail C in , the upper figure if a 
force of 20 kg, is applied to the handle of 
the -wrecking bar. Also draw the free- 
diagram of the bar, 

-J Wo, A ^veig•ht of 2 tonnes -hangs by a 
chain passing over a small frictionless 
pulley A and tied to C. Determine gra- 
phically the fences produced in thg bars 
A.D and AB, indicating whether they are 
compressive or tensile. Verify analytically. 
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20. A weight of 100 kg. is suspended from a system of five 
cords as shown in the figure. Find the tension in each cord and 
the angle 9. 



100 _ Ti _ Ta 

sin 90° sin (90+60)° sin (90+30)°’ 
giving T'i = 100 cos 60° =50 kg., 

r2=100 cos 30° =86-6 kg. 

For the point B 

T, ^ n „ 

sin (180—10)° sin(30— 5)° sin (180—30 + 15)“’ 

or 

sinl0° sin25° sin 15°’ 
whence T' 4 = 121 *5 kg., and T^ = 74:'5 kg. 

Similarly, for the point C, 


86-6 ^ 74-5 __ r5 

sin (0+5) sin (60— 0) sin 65°' 

(S6'6) (sin60° cos 0— cos 60° sin 0) 

= (74'5)(sin 0COS 5°+cos 0sin 5°) 
or cos 0 (75— 6'5) =sm 0 (43*34-74), 
or tan 0= *582. .*. 0=30° 12'. 

.*. Ts = 86*6 X sin 65°/sin 35°12'=136 kg. 

Graphical method. The marginal fig- 
ure is tlie force diagram for the system. 

In Bow’s notation pqr is the triangle of 
forces for the forces at A. pq is drawn vertically to represent 100 kg. 
on a suitable scale, and §'r«are then drawn parallel to To and Tj 
respectively. can be drawn similarly. Joining p and s gives 

the triangle prs for the forces at C. Measurement of the sides and 0 
gives the results.] 




CHAPTER III 


GOPLANAR PARALLEL FORCES 

3-1. Resiiltaiit ©f.two parallel forces s Let 
P and be two parallel forces acting at tbe points A 
and C of a rigid body. Introduce two equal, opposite 
and collinear forces F at A and C, as shown in the 
figure. The system is not altered thereby. By the 
parallelogram law, forces P and F combine to give 
the resultant ; while the forces Q,and F combine 
to give the resultant Let the two resultants 

and Pg intersect at M. Shift the force P^ to the point 
M and resolve it back into the components P and F. 
Similarly, shift Pg to M and resolve it into the compo- 
nents and F. Then the two forces F at Af, being 
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OH: 

Produce the line of action of P+ Q, to meet AC 
at 0, Then from the similar triangles AOM and 
AIG we have 

0M~IG~P‘ ' ' ' 


Again, from the similar triangles C OM and CJH we 
have 


CO CJ F 
oM-jH- q: 


Dividing (2) by (1), we get 


C^__P 
AO- d' 



This gives the position of the line of action of the re 
siiltant. 


Hqucg the resultant of two parallel forces of like sense 
is a parallel force, having a magnitude equal to the sum of 
the two forces, and whose line of action divides the distance 
between them internally in a ratio inversely proportional to 
the magnitudes of the two forces. 

If the parallel forces P and d unlike in sense 
(.P> 0^5 say), as in fig. 2, the construction for the resul- 
tant is still the same. The only difference is that on 
resolution the forces and at iVf give P and d 
in opposite directions. Hence the resultant is P— 
acting at M in the direction of the larger force P. 
Also, on being produced the line of action of P~ d 
cuts AC at nn external point 0. The similarity of 
corresponding triangles still holds, and consequently 
so does relation (3). 

Hence the resultant of two parallel forces of unlike 
sense is a parallel force of magnitude equal to the dijfere7ice 
of the two forces whose line of action divides the distance 
betiveen them externally in the ratio inversely proportional 
to the magnitudes of the two forces. 

If the two forces P ancJ d equal but unlike in 
sense, they cannot be combined into a single resultant, 
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PROPERTIES OF COUPLE 

as in this case the lines of action of and will be 
parallel and will not meet. Such a system of forces 
is called a couple. • 

3*2. Couples o Two parallel forces acting on a 
rigid body, which are equal in magnitude but opposite 
in sense and have different lines' of action, constitute 
a couple. , , 

The perpendicular distance p between the forces, 
is called the arm of the couple. 

The plane in which the two 
forces lie is called the plarie of 
the couple. 

The product of one of q- 
the forces with the arm of the 
couple, i.e. Fp^ is called the 
moment of the couple. The . - 
sum of the moments of the forces constituting the 
couple is constant and is same about any point in 
the plane of the couple. Thus 

M^ = ~FxOA-\-Fx OB:=F{OB-OA)=Fp. 

3‘2i. Properties of the comple. 

(1) When a couple is applied to a body, 
it causes or tends to cause rotation about an axis/ 
perpendicular to the plane of the couple. 

(2) When a force F is applied to a pivoted 
body away from the axis (see fig.) then the force 
F and an equal and opposite reaction of the axis 
form a couple, which causes rotation of the body 
about the axis. 

(3) The turning effect of a couple depends 

upon its moment and not on the force or the arm 
of the couple separately. Thus Couples of different 
forces and arms and acting in the same plane (or 
parallel planes) will have the same turning effect 
if their moments are the same. Such couples will be equivalent 
to each other. * 

(4) It follows that a couple can be rotated through any angle., 
or be transferred to any other position in its plane (or a parallel 
plane) without causing a change in the effect ®it produces. 
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(5) The moment of a couple is a vector quantity whose direc- 
tion is defined by its axis of rotation. Thus a couple can be repre- 
sented by a free vector whose magnitude is the moment of the 
couple and whose direction is the axis of rotation. The compo- 
sition and resolution of couples can then be performed by the 
laws of vector addition. 

When the axes of several couples are the same they can be 
algebraically added up. Thus, the moment of the resultant couple 
of a number of couples in a plane {or in parallel planes) is equal 
to the algebraic sum of the moments of the various couples. 

(6) A couple can be, balanced only by another couple in the 
.same (or a parallel) plane, haying a moment equal in magnitude 
but opposite in sense. 

(7) A couple (7 and a force P in the plane of the couple com- 
bine to give a foixe of the same magnitude and direction as P, 
but the line of action is shifted through a distance d, such that 

P(3?~ moment of the couple C. 


Proof : Let the force P act at the point .d. 
Since couples of equal moments are equivalent, 
we may replace the couple C by two equal and 
opposite forces, — P acting at A and P acting at 
B, distance d apart, where Pi/=: moment of the 



couple C. The force P and — P at A cancel each 
other, leaving the force P at P at a distance d fk, 


from the original force. 



Notice that the force shifts to its right when 
the couple has a positive irioment. 



Conversely a given force P at a point P is | 

•equivalent to a force P at any other point d to- P ' ' 

gether with a couple G of moment Pd, where d is the perpendi- 
cular distance of A from the line of action of the original foixe. 


3*3. Resultant of 
CSopIanar Parallel For- 
ces. Let F^, F.^, ... be 

a system of parallel 
forces, acting on a rigid, 
body at the points 
B, ... . Take the 
j-axis parallel to the 
forces and let pi,ihi Pss • • ■ 
be the distances of these 
forces from the origin 
0, respectively. 
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RESULTANT OF PARALLEL FORCES 

Introduce equal and opposite forces iq and at O 
along the j-axis. The system is not altered thereby. 
The force at A and — Fj at 0 form a couple of moment 
^iPv Hence the force F at ^ 

= a force F^ along j;-axis-{-a couple of moment F^ /q. 
Similarly, the force Fg at B 

= a force Fg along j-axis + a couple of moment Fg/q, 
the force F3 at C 

=a force Fg along j;-axis+a couple of moment Fg/q, 
and so on. 

Thus the given system is reduced to a set of collinear 
forces along the >'-axis and a set of coplanar couples. 
The resultant of the collinear forces is a single force 

R=zF-^-\-F^-\-Fz-\- • ' • 3 

and the resultant of the coplanar couples is a couple C 
of moment 

= • • • 3 


Four cases arise : 

(1) If both R and Mq are non-zero, the force and 
the couple combine to give another force F, having its 
line of action shifted through a distance p such that 

Rp=^M,, ... ( 1 ) 


P = 


M, 


^ -?£xh 
^R~EF^' 

(2) If i7Fj_ = 0 but then the resultant of 

the system is a couple C of moment F^F-^p-^, 

(3) If TFi^^O but 2Fij&i = G, then the resultant of 
the system is a single force F = ZFi along the j-axis. 

(4) If both EF^ and EF^p^^ are zero, then the resultant 
vanishes and the system is in equilibrium. 

. 3*4. . . Principle of moments for parallel! forces. 
Equation (1) of the last article, namely 

Rp^M,=EF^p^ V 



38 


COPLANAR PARALLEL FORCES 


shows that the imnnent of the R about 0 is 

equal to the sum of the moments of all the forces about 0. 

Since the choice of the origin 0 is arbitrary, hence we 
may state the principle of moments for parallel forces as : 

'Hie moment of the resultant of a system of coplanai’ 
parallel forces about any point in the plane of the forces 
is equal to the algebraic sum of the moments of the 
forces about the same point. 

Ex, Determine the magnitude, direction and the distance 
from A of the resultant 
of the parallel forces 
shown in the figure. The 
magnitudes of forces are ^ 
given in kilograms and 
the distances in metres. 

The magnitude of 
the resultant R 

=60-100+150-80-140=-110. 

Hence the resultant is 110 kilograms acting downwards. Let x 
be the distance of the resultant from A.^ From the principle of 
moments, 

110a; = -60x2 + 100x5-5~150x 7+80x9+140x12- 1780. 

1780 , 

3*5. Equilibrium of copianar parallel forces. 
It has been shown, in § 3-3, that a system of parallel 
forces acting at different points may be reduced to a 
force R — UF^ through an arbitraiily . chosqn point 0 
and a couple C of moment Since a force 

cannot balance a couple, it is necessary for the equi- 
librium of the forces that the resultant R and the couple 
C should both vanish. 

Hence a set of necessary and sufficient conditions for 
the equilibrium of parallel forces are: 

= 0 and = 

These equations will ""determine the unknown 
elements involved in a pfoblem of equilibrium. 

An aiternatiYC set of conditions, sufficient to ensure 
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equilibrium is that the sum of moments of the forces 
about two points in the plane of forces are separately 
zero, that is 

EMa = 0, UM^ = 0, 

provided the line joining A and B is not parallel to the 
forces. 

Since there are two independent equations in each 
set, not more than two unknown elements can be 
found, which may be the magnitudes of two forces. 

Ex. I. A beam 15 m. long is supported at two points, as 
sho\vn in the ligure. It carries 
a load of 1000 kg. at the left 
end and a distributed load 
of 200 kg. per metre from 
its right end to a distance 
of 10 m. Find the reactions 
of the supports. 

Let i?i and be the 
reactions of the supports. The 
distributed load of 2000 kg. may be taken as a concentrated load 
acting through the centre of the distributed load, i.e. 5 m. from 
the right end. 

Then 1000-2000=0, 

or i?i+F2=3000. 

Taking moments about 

-2000x5+i?iX 10- 1000X15=0. 

I'hcrefore J?i=2500 kg. 

^2 = 3000-2500= 500 kg. 


1000 



Ex. 2. A uniform horizontal beam AB, of length 3 metres and 
weight 20 kg., is fixed rigidly to a wail at its end d; and a weiglit 
of 30 kg. is suspended from the 4 
other end B which is free (i.e. 
unsupported). Find the reaction ^ p 
exerted by the wall on the beam. ^ ^ Li — . — i 

The weight of the beam, which ; ^ a” ® 

will act at its centre G, and the 'A 4^— 2”^ > 

weight 30 kg. will give a resultant ■ . T 

acting somewhere between G and F.* 20 30 kg 


I his resultant cannot be balanced by a single force acting at 
d. Hence the reaction of the wall must consist of a vertical force 
R together with a couple of moment M. ^ 
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l* 1 4 


F|| 


:::□ 


B 


Resolving the forces vertically, we get 
i2=20+30=50 kg. 

Taking moments about A, we get 

Af=20xH-30x3 = 120 kg.m. 

Hence the reaction of the wall at A consists of a force of 50 
kg. acting vertically upwards and a couple of positive moment 120 
kg-m. 

Note. A beam rigidly fixed at one end and free at the other 
is called a cantilever. The fixed end i; 
generally built into the wall. The dis- 
ti'ibuted I’eactions acting on the built in 
portion give rise to the resultant R and M. 

Ex. 3, A uniform beam, length 7 metres 
and weight 60 kg., rests in a horizontal 
position on two supports which are 4 metres 
apart. It overhangs the right 
support by 1 metre and carries a 
load of 250 kg. mid-way bet- 
ween the supports and 100 kg. 
at the left end. What upward 
force at the right end would be 
necessary to just tilt the beam ? 

[Roorkee, 1965] 

Let P be the value of the force applied upwards at the right 
end when it starts to tilt about the support C. Then the beam 
is just lifted from the support at D and so the reaction at D reduces 
to zero. Hence taking moments about C in the limiting case 
5-250x2-60x1+100x2=0, 
or 5? =500+90-200. P=:78kg. 


100 

250 

^ G, 


La-El 




3m 

t 

I 

6 

r 

0 




Ex. 4. A box, 6 ft. long 
and cross-section 2 '5 ft. scjuare, 
is carried up a stair case by two 
men who hold it by the front and 
back edges of its lower face. This 
face is inclined at 30° to the hori- 
zontal when it is being carried 
up. The box weighs 100 lb, and its 
weight acts through the geometric 
centre of the box. How much 
weight does each man support ? 

{Allahabad, 1965] 
The forces acting on the box* 
are shown in the figure, and 
being the vertical forces appli- 
ed by the two m^n. 
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Equating forces : 

-{"-^2 ~ ^ • 

Taking moments about C: jRg XCD cos 30°= 100 XCS cos 30°,, 
or R^XCB:=100XCB. 

iW CB=CA-^BA =3~-GA tan 30° - 

=3-1(1 /a/3) =2*28 ft. 
i22 = 100 K CB/CZ)= 100x2-28/6=38 lb. 
i?^ = i00-i?2=62 lb. 


Examples 4 

1. The resultant of two unlike parallel forces is 2 kg. and 
acts at distances of 60 cm. and 80 cm. from them. Find the 
forces. 

2. Two like parallel forces P and Q, act on a rigid body at 
A and B respectively. If P and Q, be interchanged, show that 
the point of application of the resultant is displaced through a 
distance d along the line AB given by 




3. Find the magnitude and the position of the resultant of 
the parallel force system given below : — 


(a) Force F kg. : 

+15 

-30 

+25 

+10 

distance m. : 

-1 

1 

2 

3 

(b) Force F kg. : 

+100 

-50 

+80 

-30 

distance x m. : 

0 

2 

4 

6 

(c) Force F kg. : 

+40 

+50 

-20 

+10 

■ distance x m, : 

- 4 

- 2 

0 

2 


4. Three like parallel forces F, Q, and F act at the points 4, 
B and C of a triangle ABC. If these forces P, and R are in the 
ratio sin 2A : sin 2B : sin 2C respectively, prove that the resultant 
will pass through the circumcentre of the ti'iangle. 

5. A heavy uniform rod, 2 metres long, rests horizontally on 

two pegs, 50 cm. apart. A weight of 5 kg. suspended at one end 
or 2 kg. suspended at the other end will just tilt the rod up. Find 
the weight of the rod and the distances of the pegs from the centre 
of the rod. , 

6. Two men, one stronger than the other, have to remove a 
slab weighing 300 kg. with a light pole of length 6 m. The 
weaker man cannot carry more than 100 kg. ^here must the 
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stone be listened to the pole so that the weaker man has just Ins 
full share of the load ? 1965] 

7. A uniform beam, length 10 metres and weight 400 kg., 
rests in a horizontal position on two supports, which are 7'5 rn. 
apart. It overhangs the left support by 1 metre. It carries a load 
of 600 kg. at the left end and 2000 kg. mid-w^ay between the supports. 
What upward vertical force at the right end w^ould be necessary 
to tilt the beam ? 

8. A beanirl.fi, 1 0 feet long and weighing 6 lb., is supported 

at A and at another point. A load of 1 lb. is suspended at fi, 
and loads of 5 lb. and 4 lb. at points 3 feet and 6 feet from fi. If 
the pressure on the support .4 is 4 lb. wt., where is the other 
support ? [Ba?iaras, 1 954] 

9. A uniform rod, length I and weight kf/, is supported 
horizontally at the two ends; and equal weights, w each, are 
placed at equal distances a, starting from the right end of the rod 
[(w~ !)«</]. Find the reactions at the supports. 

10. A uniform beam, 8 metres long, is simply supported at 
the two ends. Two concentrated loads of 500 kg. and 250 kg. 
are applied at 2 m. and 6 m. from the left end. Calculate the length 
of the beam from the right end over which a uniformly distribut- 
ed load of 75 kg. per metre can be applied so that the reactions 
at the two ends may become equal. 

11. A beam, 6 metres long and weighing 25 kg. per metre, 
rests horizontally on two supports 4 metres apart and orverhangs 
the left support by 80 cm. It carries a distributed load of 1 00 kg. 
per metre run between the supports and two concentrated loads 
of 200 kg. and 300 kg. at T2 m. from left end and 1‘6 m. from 
right end respectively. Find the I’eactions at the supports. 

12. A beam, weighing 10 kg. per metre, rests horizontally on 
two supports; one is 1 meti'e from the left end and the other is 
T5 metres from the I'ight end. It canies a load of 30 kg. at 4 metres 
from the left end. If the reaction at the right support is twice 
that of the left support, find the length of the beam. 

13. Three spur wheels, whose shafts pass through their 

centres A, B, C have 42, 30, 16 teeth respectively, and are geared 
with fi between A and C. Two counter clockwise couples 49 and 
25 ft.-lb. Eire applied to the wheels and fi respectively. Find 
the couple that must be applied to the shaft of C, so that equilib- 
rium may be maintained. [Roorkee, 1966] 

14. There are three bricks,, each 9 inches long, of same shape 

and material. The lowest one lies on the ground and the other 
two are placed upon it so that each projects x inches over the one 
immediately beneath it. If the briicks are just on the point of 
falling over, find 4he value of X • • [Allahabad, 
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15. A brick is placed with its flat side on the ground and 
three bricks arc placed similarly on its top. The top brick is 
pulled forward as far as possible in the direction of its length; then 
the iirst two together over the third and so on. Show that when 
all the Irricks have been pushed forward in this way as far as possible 
the top brick overhangs the one at the bottom by a distance 

14,(1 5), 

where L is the length of the brick. [U.P.E.S.^ 1964] 

16. A string of length 1*5 m, is attached to two ends of a rod, 
1 rn. long and of negligible weight. The string is hung over a 
smooth peg and two bodies of weights 2 kg. and 3 kg, are attached 
to the ends of tiie rod. Find the angle between the two segments 
of tlic string at the peg when there is equilibrium, and the tension 
in the string. 

17. A uniform lod AB of length I and weight W is hinged 

at A and hangs freely from the hinge. A couple of moment G 
is applied to it in a vertical plane. Find the inclination of the rod 
to the vertical when it is in equilibrium. [Roorkee, 1961] 

18. Two uniform rods AB, BC, rigidly jointed at B so that 
ABC is a right angle, hang freely in equilibrium from a fixed point 
at A. The lengths of the rods are a and b and their weights are 
.wa Si.nd wb. If^be the inclination AB to the vertical, prove that 

t3in d—b^ [Roorkee, 19QA] 

19. Two uniform rods AB zxid BC, of lengths 21 and 31, and 
weights 2w and 3w respectively, are smoothly hinged at B and 
rest in a horizontal position on two supports, one being at A and 
the other at a point P between B and C. Find the distance of P 
from B and the pressures on the supports. 

20. The left end of a beam AB is supported on a smooth roller 
B, resting on another 
beam CD as shown. 

The distances between 
the supports are : AB 
= 12 a, BC=6 ft., BD 
= 4 ft. If a load of 300 
lb. is applied to the 
beam AB at a point 3 
ft. from B, find the reaction of the support D. [Bmiara^, 1956] 
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CHAPTER IV 


GOPLANAR NON-CONCURRENT FORCES 

4T. Resiiltaait of coplaaar noii-concnrreait 
forces. Let -Fj, Fg, ... be a system of copianar forces 
acting on a rigid body at ^3 

... with reference to a set of rectangular axes OX and 
OF Let Aj, F^lX^y T^; X^, ... be the components 

of the forces Fg, Fg, . . . respectively, parallel to the axes. 

Introduce equal and opposite forces X^ and —X^ 
along 0 X, and and — 

along OT at the origin. ^ 

The system is not altered 
thereby. The forces at 
Ai and — at 0 form a 
couple of moment x^T-^; Y 

while the forces at A^ ^ 

and — Xi at 0 form a 

X couple of moment -—JiXi. -< 

Hence the force F^ at 
s Forces and F^ at the 
origin -j-a couple of mo- -Y^' 

ment (aiFi— 

Similarly, the forces : 

Fg at (^ 2 ,^ 2 ) ^^ 2 ) ^2 at the origin -f-a couple of moment 

fe^2““F2^2) J 

Fg at ^Xg, Fg at the origin -[-a couple of moment 

(;VgFg F3-^3)5 

Thus the given system is replaced by the forces X^, Xo, 
X'g, . . . along OX, F^, F^, Fg, . . . along 0 F, and a set of 
copianar couples of moments (%Fj^— y^X^), (A^^Fg— jgXg), 

(A^gFg— ygAg), .... 

The resultant of the forces at 0 is a force R given by : 
making an angle 0 with the Af-axis where 

, 0 = tan-H(^n)/(^^i)}- 
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The resultant of the coplanar couples is a couple 
Cofmoment 

The given system of forces is thus reduced to a 
force R acting at 0, together with a couple C. Four 
■cases arise : 

(1) If both R and C are non-zero, they combine to 
give the resultant of the given system (§3‘21), which 
is of the same magnitude and direction as R but the 
line of action is shifted through a distance p such that 

Rp=i:{x,r,-y,x,). (1) 

The components of R parallel to the axes are 27 Xj and 27 
If P{x,j>) be any point on the line of action of the final resultant 
i?, then by the principle of moments (§ 2'21). 

Rp=xZr^~yEX^. 

Hence the ixsultant of the system is a single force R whose line of 
action has the equation 

r,-j27Xi =27(.Vi r,-y,X^). 

(2) If R = 0 but ^(xiTT—yj^X^) is not zero, then the 
resultant of the system is a couple C of moment 

(3) If X(x^T^—y^XP) =0 but R is not zero, then the 
resultant of the system is a single force R through 
the origin 0. 

(4) If i? = 0 and =0 then the system 

is in equilibrium. 

4*2. TEe Principle of Moments for Coplanar 
Forces* From equation (1) of the last article, we 
have 

Rp = X(x,r,-y,X,) 

= rFi/ii, by § 2-2. 

This shows that the moirfent of the resultant R 
about the point 0 is equal to the sum of the moments 
of forces i^q, Fg, . . . about 0. 


COPL ANAR NON-CONCURRENT FORCES 

Since the dioice of the origin is arbitrary, we may 
state the principle of moments for copianar forces as 
follows: 

The moment of the resultant of a system of copianar 
forces about any point in the plane of the forces is equal to 
the algebraic sum of the moments of the forces of the system 
about that point. 

Ex. 1. If a system of forces in one plane reduces to a couple 
whose moment is if, and when each force is turned round its 
point of application through a right angle it reduces to a couple of 
moment K; prove that when each force is turned through an angle 
a, the system is equivalent to a couple whose moment is 

if cos a Esin a. 

Let the forces F^, Fg, ... of the system act respectively at 
the points (xj, j^^), ... at angles 0^, ^g, ... to the Ar-axis. 

Since F = 0, therefore 

i:Zi = 2;FiCOS^i = 0, 

i7ri = i7FiSin0i = O, 
and the moment of couple 

= I!{xiF^sind^~yj^F^cos By 
=i:{Fi (^1 sin COS ^i)}. (1) 

When the forces are turned through 90°, we get 
= XF^ cos (01+90°) = i:(-Fi sin By = 0, 

2 Fi = ^Fi sin (01 + 90«») = XFj^ cos 0i = 0, 
and V=-2{x^F.^sm (0i+9O°)--^iFiCos (0i+9O°)| 

= 2;{Fi(A:ieos 0i+?;isin 0i)}. ... (2) 

When the forces are turned through an angle a, then 
2X-^ = Z'Fj cos (01 +a) ==2{Fi cos 9^ cos a— Fi sin 0i sin a) 

= cos a Z'Fi cos 01 —sin a i/Fj sin 01 = 0, 

2 5 1 = 2Fj sin ( 0i + a) = 2{Fi sin 0i cos a + Fi cos 0i sin a) 

== cos a i/Fj sin 0i +sin a XF^ cos 0i == 0, 
and the moment of the couple / 

=i;'{.ViFi sin (0i+a)'‘— j-'i Fj cos (01 +a) } 

= r{A:iFi(sin 01 cos a+cos 0isin a)— (cos 0i cos a 

— sin 01 sin a)} 
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= cos a i;{Fi (;«1 sin dj^^yiCosd^)}+smaS{F^{x^ cos 0^ 

+J’i sin } 

= //cos a+Fsin a, from (I) and (2). 

Ex. 2. ABCDEF is a regular hexagon and 0 is its centre, 
forces of magnitude 1, 2, 3, 4, 5 and 6 act in the iine4B, CB, CD, 
ED, EF, AF in senses indicated by the order of the letters. Find the 
resultant of the system and find the point in AB through which the 
resultant passes. [/. C. 1938] 


Forces are acting as shown in the figure. It is easy to see that 


the six forces are acting at the 
angles 90°, -30°, 210°, 90°,- 30°, 
210° with A;-axis. Hence the sum 
of their resolved parts along the 
axes are : 

Z'A’j = 1 cos 90°+2 cos (—30°) 

+3 cos210°+4 cos 90° 

+5 cos (—30°) 4-6 cos 210° 

= -V^3. 

i:rj = l sin90°4-2sin(-30°) 

+3 sin 210°4-4sin 90° 




4-5 sin (—30°) 4-6 sin 210° 


Moment of the forces about 0 

= l.a— 2.a-|-3fl — 4fl-j-5fl — 6(3 = — 3a. 

Therefore, the magnitude of the resultant 

F=v/{(i7X,)24-(i:'n)n ^-/CSd-O) =2v'3, 
and for its direction tan d = BTJBX^ — — 3/(— y^S) =^^3, in the third 
quadrant. Hence 

0=240°. 

The equation of line of action of J? is given by : 

xEr,~yBX^=i:{x^r,~y,X^), 

i.e., —Sx^y^yS-Sa. 

In order to find the interesection with line AB, put at = a in the 
above eciuation. We find thatjv = 0. Hence the resultant inter- 
sects AB atits middle point. 

Ex. 3. A body is acted by a system of coplanar forces, (16 kg. 
0=) at (0, 6), (25 kg., 30°) at (8, 6), (30kg., 225°) at (8, 0) and (40 kg.,. 
120°) at (—6, —8). Find the resultant and its equation. 
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It would be convenient to tabulate the solution as below : — 


Forces 'with 
direction 

Coordi- 

nates 

X 

r 

N 

II 

16 kg., 0° 

(0,6) 

16 

0 

0-96 =-96 

25 kg., 30° 

(8, 6) 

21*6 

12*5 

.100-129*6 =-29*6 

30 kg., 225° 

(8, 0) 

-21*2 

-21*2 

-169*6-0 =-169*6 

40 kg., 120° 

(-6,-8) 

-20 

34*64 

-207*84- 160 = -367*84 


-3*6 

25*94 

= -663*04 


i2 = y{(i7Xi)2H-(i;ron=y{(3’6)2+(25-94)2}=26-2kg. 

tan 0==|^= ^^ = -7-206. 0 = 97°54^, 

2j — 3*0 

Equation of the line of action of R is given by xH T~y EX — A/q, 
or 25*94 ;c+3'67=:-663'04, 

=or 7*2 184*5 = 0. 

Examples 5 

1 . A rigid body is acted on by the following forces : 

(30 kg., 45") at (2, 1), (40 kg., 135") at (0, 0), 

(10 kg., 270°) at (2, -1), and (20 kg., 0°) at (-1, 3). 

{d) Replace the system by a single force through the origin 
and a couple, {b) find the resultant and the equation of its line 
•of action. 

2. ABC D is a square of 2 inch side, BD being the diagonal. 

A force of 50 lb. acts along BC from B towards C; a force of 80 lb, 
acts along CD from G towardsZ); and a force of 60 lb. acts along DB 
from D towards!?. Replace these forces by two equivalent forces 
one of wfoich acts at A along the line AD. [Bajiaras, 1956] 

3. Three forces, acting upon a rigid body, are represented in 
magnitude, direction and the line of action by tlic sides of a tri- 
angle taken in order; Prove that they are equivalent to a couple 
whose moment is represented by twice the area of the triangle. 

[Roorkee, 1965] 
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4. .4/i(7 is an equilateral triangle. Forces 4 kg., 2 kg., and 
i kg., act along the sides AC znd BC. Find their resultant in 
magnitude and direction. Find also the point at which its line 
of action meets BC. 

5. Forces equal to 3P, 7P and 5P act along the sides JB. BC 
arid (Z4 of an equilateral ti'iangle ABC. Find the magnitude and 
the direction of the resultant. 

6. /L6'Cis an isosceles triangle whose angle At is 120° and forces 
of magnitudes 1.2 and 4 kg. wt. act along AB, AC and BC respec- 
tively; find the magnitude and the direction of the resultant and 
also find the point in which its line of action meets the side BC. 

7. Three forces P, f) and R act along the sides BC, CA and 
AB respectively of a triangle ABC, taken in order. Show that if 
the resultant passes through 

{a) the centroid of the triangle, then 

S- -f -A -p - A == 0; [Roodre, 1 962] 

Sind sinP sinC 

(&) the circumcentre of the triangle, then 

P cos A-j- a cos B+R cos C—0; [Bamras, 1 945] 

(c) the orthocentre of the triangle, then 

P sec A -j- Q,secB+R sec C = 0. [Roodee, 1 96 0] 

8. Three forces P, QL ^and R act along the sides of the triangle 
formed by the lines : 

.t-rj=l, x—j=l,j)=0, 

in the same order (anticlockwise). Find the magnitude and the 
equation of the line of action of their resultant. 

9. Forces P, 2P, 3P and 4P act along the sides AB, BC, CD 
and DA respectively of a square ABCD. Find the magnitude of 
their resultant and the points in which it cuts the sides AB and BC. 

10. ABCD is a rectangle whose side dP is 4 ft. and dP is 
3 ft. Forces 40 lb., 30 lb., 60 lb. and 70 lb. act along the sides 
AB, CB, DC and DA respectively. Taking dP and AD as the axes 
of die coordinates, show that the equation of the line of action 
of the resultant is 

x-\-y=S. 

11. Forces 1, 2,4 and 5 newtons act in the clockwise direction 

along the sides of a square taken in order. Prove that the resul- 
tant is parallel to a diagonal, and find where it cuts the side along 
whicli the first foi'ce acts. • 

12. The lines of action of the four coplanar forces, (4 kg., 
30°}, (8 kg., 150°), (5 kg,, 240°) and (7 kg., 300°), cut the .v-axis at 
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— 2 m., 1 m.j 4 m., and 6 m, respectively from the origin. Find 
their resultant and the point where it cuts the .v-axis. 

4*3« Equilibrium of coplamar iicwi“Coiiciirreiit 
forces. It has been shown in §4*1 that a system of co- 
pianar forces acting at different points may be reduced to 
a force R through an arbitrary point 0 and a couple C. 
Since a force cannot balance the couple C\ it is necessary 
for the equilibrium of the system that the resultant force 
i? and the couple C should both vanish. Since 

therefore i? vanishes if ii'Zi and are separately zero; 
and C vanishes if the moment Mq of all the forces 
about any point 0 is zero. 

Hence a necessary and sufficient set of conditions 
for the equilibrium of coplanar forces, is 

rzi-o, 

Mo = 0, 

These are, therefore, the equations for equilibrium, 
which will determine the unknown elements involved 
in a problem of equilibrium. 

Other sets of conditions which are necessary as well as suffi- 
cient for ensuring equilibrium of a system of coplanar forces are 

i;Zi=0, 

AfB=0, 

where the line joining the points A ai 
x-axis; or 

Ma=0, 

Mc = 0, 

where the points d, B and C are not collinear. The sets (2) 
and (3) are equivalent to (}}> and may be taken as altei native 
equations of equilibrium for the system of coplanar forces. The 
proof that they are necessary and sufficient is left as an exercise 
for the student. 



B is not perpendicular to 
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Since there are three independent equations in each set, 
hence not more than three unknown elements can be determined, 
which may be 

(a) the magnitudes of three forces, directions being known, 

or 

(b) the magnitude and direction of one force and the magni- 
tude of another, its direction being known. 

In applying the equations of equilibrium, the axes should be 
selected in such a manner so as to simplify the solution, A free- 
body diagram should always be drawn, before writing down the 
ec|uations of equilibrium. 

Ex. 1, Two bodies of weights 40 kg. and 60 kg. rest on a 
smooth cylinder of radius a and ai'e connected by means of a cord. 
The cord is of such a length that it subtends an angle of 90° at the 
centre of the circular section of the cylinder (see figure). Find 
the reactions of the cylinder on the bodies, the tension in the cord 
and the value of 6. 

Let Ri, i ?2 be the reactions on 40 
kg. and 60 kg. bodies respectively, and 
let T be the tension in the cord. 

Taking moments about the centre 
C of the cylinder, we have 
40 , (3 cos Ta, 
for the first body; and 
60 . a sin 8= Ta, 
for the second body. 

By division, |tan^ = l, 
or 0=tan''^ | = 33°,42'. 

Referring to the free-body diagrams for the 40 kg. and 60 kg, 
bodies and applying Lami’s theorem, we have 




/. 7“=40 cos 5=40 X -832 =:33-3 kg. 

and == 40 sin 5 = 40 X *555 = 22*2 kg. 
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60 ^ T 11, 

sin 9 0® sin (180— d) sin ( 9 0 -j- Q) ’ 
or 7^2 = 60 cos 0=6Ox •832 = 49*9 kg. 

Ex. 2. A wall bracket (fig. (1) below) consists of a horizontal 
bar AB attached to the wall at A by means of a smooth pin and 
supported by a cord CB] which is attached to the bar at B and 
to the wall at C. Find the tension T in the cord and the pin- 
reaction R atd. The weight of the bar is 200 kg. and it carries 
two loads of 400 kg. and 1000 kg., as shown. 



Free-body diagram for bar AB is drawn in fig. (2). Let R 
make an angle 0 with AB. Three elements are unknown, namely 
7”, R and 6, The equations of equilibrium are 


SX^ = R cos e- Tcos 30"= 0. . . . (1) 

2'ri=i? sin 0+rsin3O°~16OO=O. ... (2) 

TMa = r sin 30°X 3-400 X 1-200x1-1 000 x -i=0. (3) 

From (3) -|r=3200, or r= 2 133-3 kg. 

From (2) and (1) i? sin 0 = 533*3, 
and J? cos 0=1 847. 

i2=V'{(533*3)2+(1847)2} = 1920 kg. 

tan0 = Y^ =0*289, or 0=16" 6'. 

Ex. 3.’ A bar weighing 100 lb., leans against a smooth 
vertical post and rests with its lower end on a smooth horizontal 
plane (see figure). It is prevented from slipping by the cord AC, 
attached to A as shown. A weight of 50 lb. is hung from B. Find 
the reactions of the plane at A and of post at B, and also find the 
tension in the cord AC. 
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Let the reaction at A, normal to 
the plane, be Ji; the reaction of the 
post, which is perpendicular to the 
bar be S; and the tension in the 
cord be T*. 

The free-body diagram for the 
bar AB gives five forces in equili- 
brium. out of which R, S and T 
are unknown, then directions being 
known. 

The equations of equilibrium are : 

i;;i\==T-Ssme=o. . . 

cos ^--150=0. . . 

15-100x10 cos 6 - 50 x 20 

From the given dimensions, w'e find that 

sin d—^-g == I , so that cos ^ | . 

Therefore from (3) : 

15 A=2000 cos 0=2000 = 1600, 
or A= 1600/15 = 106-7 lb. 

From(l) : T==S sin 6=^ x |=641b. 

From (2) : A= 150-A cos 0=64*7 lb. 

Ex. 4. The A-frame, shown below, carries a load of 4000 kg. 
at the mid-point of the member A Z). It rests on a smooth floor at 
A and E. Find the reaction of the pin at A on the member ABC, 
of the pin at D on the member CJDE and of the pin at C on the 
member ABC. 

Since the frame and the loading is symmetrical, hence the 
reactions at A and E are equal. Therefore, considering the equili- 
brium of the whole frame, i?a=i?e =2000 kg. 



. ( 1 ) 
. ( 2 ) 
( 3 ) 
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Fig\ (h) gives the free-body diagrams for the various members. 
From the free-body diagram for the ihember BI), we have 
X + i)y-4000= 0, 

and since BG=GD, therefore i?y = 1)3, = 2000 kg, 

BA\=^D^~Bx = 0. 

From the free-body diagram for the member ABC 

Sr^=^20QQ~By-~Cy:=Q.:, ByCCy = 20Q0. . . (1) 

XMc =Xa; X 6 +X2, X 6- 2 000 X 1 0 == 0., 

or X*- ^-1^-2000 = 1333-3 kg. 

since i?j,=2000 kg. , 

Heiif'c the components of reaction at B and D are 
•ir Xa; = A'e= 1333-3 kg, 


The components of reaction at (7 are 
Qi:=jB'a;= 1333*3 kg., 

and from (l)j Cy=2000— Xy = 0. 

Therefore the reaction at i? and D 

= =./{(1333-3)2+(2000)2} = 2400 kg. 

and tan (9 =J5y/jBa7 = 1333-3/2000, 

0=tan-i (2/3)=33°40'. 

The reaction at =C.r= 1333-3 kg. 


Examples 6 

1. ' iV bar AB, 4 m. long and weighing 25 kg., is hinged at 
A on a level ground and is resting on a vertical post 1’5 rn. high, 
at a distance of 2 m, from .4, A load of 100 kg. is suspended from 
the end B of the bar. Find the reaction of the post and the re- 
action of the hinge at A. 

2. A ladder rests at an angle of 60° to the horizontal on a 
smooth floor and against a smooth wall, the lower end being 
joined by a string to the junction of the wall and the floor. If 
the ladder weighs 60 kg., find the tension in the string. Find also 
the tension of the string when a man, weighing 80 kg., has ascend- 
ed three-quarters of the length of the ladder. 

3. A ladder, 16 ft. long, rests against a smooth vertical wall, 

making 30° with it. To prevent slipping, a rung of the ladder 
4 ft. from the bottom is tied to the foot of the wall by a string. If 
the ground is smooth, find the tension in the string in terms of the 
weight of the_ ladder. [Banaras, 1 955 
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4. The xA-frame, as shown in the figure, is hinged at E and 

is supported on a smooth floor at 
The sides AC and CE make angles of 60° 
with the floor. The side = T5 

m., and BC—CD—4'5 m. Find the 
horizontal and vertical components of 
the pin-reactions at C and D due to a 
load of 4000 kg., acting at the mid- 
point of the member jSD. (The weight 
of the frame may be neglected.) 

5. Two equal rods, AB and AC, each of weight W, are 
smoothly hinged at A and are placed in a vertical plane with 
their extremities B and C, resting on a smooth horizontal plane. 
T’hey are kept from falling by a string, connecting the mid-points 
of the rods. If 6 be the inclination of either fod wdth the vertical, 
find the tension in the string and show that the reaction at the 
hinge A is W tan d in the horizontal direction. 

6. Two equal rods, AB and AC, each of weight W, are 
smoothly hinged at A and are placed in a vertical plane with their 
extremities B and C resting on a horizontal plane. They are 
kept from falling by two strings; one connecting end B and the 
foot of the perpendicular from B on AC and the other connecting 
C and the foot of the perpendicular from C on AB. If S be the 
inclination of either rod with the vertical, show' that tension in 
each string is 

* ^^'^sin 6 

4 cos 20’ 

and the reaction at A is tan 20. 

7. Two light rods, AB and AC, each of length a are hinged 
at A and are placed in a vertical plane wdth the ends B and C, 
resting on a smooth horizontal plane. B and C are joined by a 
string of length a, and a weight W. is fastened to the rod at a 
point D, at height h above the horizontal plane. Prove that the 
tension in the string is 

WhISa. 

8. A Itcam AB, ^vcight IF, is smoothly hinged to a trail at 
A and the other end B is fastened by a string wdiich is attached to 
a poirii C on the wall, vertically above A at height h. The beam 
carries a load of nPV at B. If the length of the string is I, show 
that the tension in the string is 

(2»+i):4ir.' 

9. A door, W'eight 30 pounds, 6 ft. 8 in. high and 30 inches 
wide, is liinged along the left edge, 6 inches from the top and 
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from tlic bottom. Find the forces exerted by the door on the 
hinges, if the reaction at the upper hinge has no vertical com- 
ponent. [Banaras, 1952] 

10. A gate, 2 m. high and 2i cm. wide, weighs 56 kg. and 

is supported by two hinges, 25 cm. from the top and the bottom 

respectively. The lower hinge can exert only a horizontal re- 
acti(jn. Find the reactions at both hinges, if a boy of weight 
26 kg. is sitting on the end of the gate. [(7. P. E. S., 1964] 

11. Two equal heavy spheres, of 3 cm. radius, are in equi- 

iiljrium within a smooth spherical cup of radius 9 cm. Show 

that the action between the cup and one sphere is double of that 
between the spheres. 

12. Three equal smooth cylindrical pencils, each of weight W, 

are tied together by a string and laid on a smooth table. The two 
lower pencils are pressing each other with a force P. Show that 
the tension in the string is ?+ 1472^/3. {Allahabad^ 1964] 

13. A sphere, radius 12 inches and weight 300 pounds, is 
placed inside a hollow vertical cylinder of inside radius 16 inches; 
and over it is placed another sphere, radius 6 inches and weight 
100 pounds. Find the reactions between the sphei'es, and bet- 
ween the spheres and the sides of the cylinder. [Banaras^, 1 962] 

14. A hollow metal cylinder, open at both ends and of inside 
radius a, is placed on a horizontal plane, axis vertical. Inside 
it are placed two equal spheres of radius r, one above the 
other {a< 2r <2a). If the weight of the cylinder be W and 
that of each sphere be W'^ show that the cylinder will stand up- 
right without overturning if 

2W'{a-P)^Wa. [Banaras, 1937] 

15. Two spheres, each of radius r and weight W, are placed 
inside a hollow vertical cylinder of inside radius a, (a <2r < 2a ) ; 
the base of the cylinder is inclined at an angle a to the horizontal. 
Find the reactions between the base of the cylinder and the lower 
sphere, between tlie spheres and between each sphere and the 
side of the cylinder. Assume all surfaces to be smooth. 

16. A light cord is loosely suspended from two points A and 
B on the same level and 10 metres apart. Four equal rellectors, 
each weighing 2 kg., are suspended from 4 points on the cords 
at distances such that the horizontal projections of the segments 
of the cord between the reflectors are equal. The lowest pro- 
tion of the cord is horizontal and is 2*4 m. below the line joining 
A and B. Find the tension in each segment of the cord. 

17. An equilateral triangular lamina ABC resting on a 
smooth horizontal plane is acted upon by a force of 5 lb. wt. along 
BC, 3 lb, wt. along AC and 2 lb. wt. along AD, where AD is per- 
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pendicuiar to BC. Find the force atB and the couple which will 
keep the lamina at rest. IJodkpur, 1 965] 

18. ABC is a jib and tie arrangement (fig. 1). AB is the jib 
wliich is uniform and 1 0 ft. in length. The jib is hinged at A and 
the tie is secured to a point C, 10 ft. vertically above A. The jib 
is of ’u-eight 1 cwt. and carries a load of 1 ton at B. The angle 
BAC is 45°. Find the tension in the tie. [Banaras, ! 95'2] 



Fig. 1 Fig. 2 


19. Find the pull of the cable at E on the crane ‘shown in 

Fig. 2. Find also the horizontal and veitical .components of the 
reaction at A due to the 1000 lb. load. [Agra, 1957] 

20. Find the magnitudes of the reactions of the pins at A, B 

and G on the member AC of the 
frame shown in the diagram 
(Fig. 3). [Panjab, 1957] 

21. Two equal uniform rods, 

AB and AC arc freely jointed ^ 
at A. They are placed on two 
smooth pegs on the same level, 
the rod AB resting on one peg 
and AC on the other peg, hav- 
ing joint A above the line of the 
pegs. If a be the length of 
each rod and c l^e the distance 
between the pegs [c <a), show 
that in the position oFequilh 

brium, the inclination of either * Fig. 3 

rod with the hoidzontal is 

0= cos-1 
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22. Two equal uniform rods AB and TC, each of weight. V/ 
and length 2a, are freely jointed at A. They are symmetrically 
placed over a smooth sphere of radius r. Show that the inclina- 
tion d of each rod to the horizontal is given by 

y(tan® ^+tan ^) = it, 
and the reaction at .4 is 

W tan 6. [Banaras, 1 964] 

23. AB is a uniform rod of length Sa, which can turn freely 
about the end A which is fixed, C is a smooth ring whose weight 
is twice that of the rod, which can slide on the rod and is attached 
by a string CD to a point D in the same horizontal plane as the 
point d; 'A AD and CD be each of length a, find the position of the 
ring and the tension in the string when the system is in equilibrium. 
Show that the action on the rod at the fixed end d is a horizontal 
force eciiial to -v/3 W, where IV is the weight of the rod. 

24. Two equal uniform rods, AB and BC, are smoothly 
hinged at B. T'he end A is hinged to a fixed point and to the 
free end C, a weightless smooth ring is attached which can slide 
along a smooth rod through A. If this rod AC be inclined at 
an angle a to the horizontal downward, show that, in the posi- 
tion of equilibrium, the angle between the rods AB and BC, is 

2 tan'i (2 tan a). 
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5*1» Resultant of Goplamar Parallel Forces* 
Let Fi, Fg, Fg and be four parallel forces, atting at 
the points and .^4 of a line OX Indicate the 

forces in Bow’s notation by AB, BC, CD and DF, as 
shown in hg. (a). 



de to some scale to indicate the given forces in the 
force diagram (fig. b) . The closing line de of the 
force polygon abcde will give the magnitude of the 
resultant R. Since the forces are all parallel, the force 
polygon for these will be a line. 

The position of residtant in the space diagram. Take 
any point 0 in the force diagram. Join ao, bo, co, .... 
This figure is called a polar diagram. The point 0 is 
called a pole and the lines ao, bo, co, .. . are called rays 
of the polar diagram (fig. ^). 

Starting from any point / on the line of action of 
force AB, draw lines hi, Im, nm, . . . parallel to the cor- 
responding rays ao, bo, co, . . . and cutting the lines of 
action of F^, Fg, . . . in I, m, . . . . The diagram klmnpq is 
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called a funicular polygon (fig. a) and kl^ Im^ mn^ . . . are 
called strings of the funicular polygon. Produce the 
two free strings kl and pq. The meeting point of these 
will give the position of R as shown in fig. {a). 

Proof. From the triangle of forces abo, we have 
ab~ao-\-ob‘ 

But ab = Fi ; therefore 
the force acting at / 

= ao dilong kl-F-ob along ml. 

Similarly, 

the force acting at m = he 

= bo along lm-\-oc along nm ; 
the force F^ acting at n = cd 

^co along mn-\-od along pn ; 
the force F^ acting at p — de 

= do along np-l-oe along qp. 

When we add these up, all the forces on the right- 
hand side with the exception of the first and the last^ 
cancel each other, as they consist of pairs of equal and 
opposite forces. We get 

the forces F^-lrF^-\-F^-\-F^ 

■=ao along kl-\-oe along qp 
~ae, 

the line of action being through the point of intersection 
of the lines and 

If the force polygon closes, i.e., the final point e 
coincides with the initial point a • and the two free 
strings kl and pq are two parallel lines, the resultant of 
the system is a couple of moment 

where 8 is the perpendicular distance between the two 
free strings ic/ and 
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Note : The advantage of using Bow’s notation is that the 
forces ABi BC\ ... in the space diagram may be denoted by the 
corresponding lower case letters ab, be, ... in the force diagram. 
Furthermore, the strings kl, Im, ... which are parallel to ao, bo, ... 
may be denoted by AO, BO, ... in the funicular polygon using 
Bow’s notation. 

Ex. 1. Find the magnitude, direction and the position of the 
resultant of the four forces shown in fig. {a). The foices are in 
kilograms and the distances shown are in metres. 



The space diagram (fig. a) is given, showing the lines of action 
of the forces. These four forces are denoted by AB, BC, CD and 
DE in Bow’s notation. Four vectors ab, be, cd and de are drawn 
to scale (1 cm. =40 kg.) as in fig. (b). Thus vector ae gives the 
resultant in magnitude and direction. A point o is selected 
and rays oa, ob, ... are drawn. 

Starting from a point m on force AB, the string AO is dra^vn 
parallel to the ray ao", then strings jBO, CO, DO and EO are drawn 
parallel to the corresponding rays in the force diagram. The 
intersection of the free strings AO and OE at n determines the line 
of action of the resultant force. 

By measurement the magnitude of i2= 160 kg. (length of 
vector ae) and its distance from 80 kg. force =5'25 m. 

Ex. 2. A bar 5 rn. long is acted on by the forces shown in 
the figure, on the next page. Find the resultant force acting on 
the bar. 

The space diagram is given. Extend the lines of action of all 
the forces. Draw the force polygon* (scale 1 cm. = 10 kg.). It 
is found that it closes, i. e., / coincides with the initial point a. 
Select a point o and draw rays ao, bo, co, ... . Draw the funicular 
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polygon in the space diagram, by drawing strings AO, BO, 
parallel to rays ao, bo, ... . The resultant is a couple of moment 
40 kg.-ni, 



5*2. Eqmlilbriiim of parallel forces. The re- 
sultant of a coplanar parallel force system, in general, 
is a single force R. If, however, the force polygon 
closes, the magnitude of R is zero, and the resultant is 
a couple C (§ 5’1), If the funicular polygon also closes, 
i.e., the two free strings are collinear, the moment of 
the couple C is zero, and the force system will be in 
equilibrium. 

Conversely, if the parallel force system be in equili- 
brium, the force polygon and the funicular polygon 
must both close. 

By the application of these two conditions, two 
unknown forces occurring in a system in equilibrium 
may be determined. 

Ex. The horizontal beam AB of length 12‘5 ft. (fig. (a) 
p. 63) carries concentrated loads of 6000 lb., 3000 lb. and 5000 lb. 
at 2 ft., 7 ft. and 11 ft. from the left end, and is supported at its 
two ends. Find the reactions on the beam at the supports. 

The space diagram is drawn to scale and the loads indicated 
in Bow'S notation hy AB, BC, CD. It is required to determine 
the reactions DE and at the supports. The five forces AB, 
BC, CD, DE and are in equilibrium. The force polygon 
(fig.(6) p. 63). is drawn to ssale (1"= 12000 lb.) for the known 
vectors ab, be, cd. Any convenient pole o is selected and rays 
ao, bo, CO, do are drawn. Funicular polygon mpqrti is drawn with 
sides parallel to the corresponding rays. Let the free strings AO 
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and DO meet the lines of action of the reactions at m and n as shown 
in fig. {a). 



Join 7nn which is the closing line of the funicular polygon. 

_ ^ draw oe parallel to mn to meet ad in e (fig. b). Then. 

de and ea represent the two reaction^ By measurement their- 
magnitudes are 6a=i?i = 6950 lb. and de^R^—IObO lb. 

5*3. Resultant of Goplanar Non-conciirreHt 
Forces. The resultant of a system of coplanar non- 
concurrent forces can be found by the construction. 



of the .force diagram and the funicular polygouj as is- 
done in the case of the parallel force system. 
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Let the system consist of forces Fg? ^3 and F 4 , 
represented in Bow’s notation by yli?, BC.^ CD and 
DE^ as in fig. (r). The force polygon (fig. d) is 
then drawnjto scale, r^resenting the given forces by 
vectors Fb, Fc, Fd and Je. The closing line Fe of the 
force polygon gives the magnitude and direction of the 
resultant R. 

Taking a point 0 as pole (fig. d/), rays ao^ ho, co, 
do and eo are drawn. Starting from any point ?n on 
the line of action of force draw strings AO, BO, 
CO, DO and EO, parallel to the corresponding rays, in 
the space diagram and obtain a funicular polygon. 
The intersection of the two free strings A 0 and OE 
will give the point through which the resultant R of 
the system acts. The proof can be given on the same 
lines as in the case of parallel forces. 

In case the force polygon closes and the two free 
strings A 0 and OE in the funicular polygon are parallel, 
the resultant of the system is a couple C. The per- 
pendicular distance between the parallel free strings 
is the arm of the couple, and the ray ao or oe in the 
force diagram gives the magnitude of a force of the 
couple. Therefore the moment of the resultant 
couple C 

— aox perpendicular distance between strings A 0 
and OE. 

■ In case the force polygon closes and the funicular 
polygon closes, i.e., the two free strings are colliiiear, 
there is no resultant and the system is in equilibrium. 

Note. The main, difference between the parallel force system 
and non-concurrent force system is that for the formej- the force 
polygon abede is a line and for the latter the force polygon abode is 
some closed figure. 

5''4. Equilibrimu. of Copianar Forces. It is seen firom 
the preceding article that the necessary and sufficient conditions 
of equilibrium are : — - 

(1) the force polygon must close, 

(2) the fmicular polygon must close. 
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MaMng use of these conditions, an equilibrium problem can 
be solved. 

The closing of the force polygon gives two independent condi- 
tions of equilibrium (corresponding to^X^=0 and and 

the closing of the funicular polygon gives a third independent 
condition (corresponding to EMq = Q). So unknown elements, 
not exceeding three, can be determined, viz. {a) the magnitudes 
of three forces, directions being knowm or (b) one force completely 
and magnitude of another force, the direction of which is known. 

Ex. Fig. {a) below repi'esents an unsymmetrical roof truss. 
Three wind loads of 1 ton, 2 tons and 1 ton are acting at the joints 
perpendicular to the surface of the roof. The truss is supported 
iry a pin bearing at M and on rollers at- jV. Find the reactions. 



(fl) 


ib) 


The space diagram is given in fig. («). Since the truss rests 
on rollers at ./V, the direction of reaction Ri is vertically upwards. 
The reaction at pin bearing M is whose du'ection and magnitude 
are not known. Indicating the forces by Bow’s notation, we 
have five forces AB, BC, CD, DE and EA in equilibrium. 

The known forces represented by the vectors ab he and cd 
are drawn in a force polygon to scale (1" = 3 tons) as in fig. {b). 
Through d draw a vertical line de. Since the magnitude of force 
DE is not known, the position of e remains to be found. 

Select a pole o and draw the rays ao, bo, co and do. Nothing 
is known about the reaction at M, except that it passes through M. 
Since M is the only known point on the line of action of force EA, 
the funicular polygon must be started^from M. Draw the string 
B 0 parallel to ray bo, the string CO parallel to the ray co, and finally 
the string DO parallel to ray do, meeting force DE at n (fig. a). 
Since the system is in equilibrium, the funicular polygon must close, 

M 5 ’’ 
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Hence join Mra, which is the closing line. The missing ray 
eo must be parallel to this closing line. So the point e can be 
located by finding the intersection of oe (parallel to closing line 
Mn) with the vertical line previously drawn through d. Join ae. 

Since both the forces EA and AB meet at M, hence the string- 
corresponding to the ray oa need not be considered. (In fact it 
reduces to a string of zero length starting from Ad and finishing 
at M.) In the force diagram force EA is represented by the vector 
ec, in magnitude, direction and sense, and force DE is represented 
by vector t/e. 

The magnitudes of the two reactions, as found by scaling the 
lengths, ai'e 

i?i=fife = T7 tons 

j !?2 = ea = 2‘ 75 tons at Z.^a;= 146*5°. 


5*5. Simple Framed Structures. The sketches given be- 
low illustrate some simple framed structures known as plane trusses. 


A plane truss is de- 
fined as a system of 
straight bars jointed 
together at their ends 
in such a way as to 
form a rigid frame- 
work in one plane. 
The straight bars are 
called members of the 
truss. To ensure ri- 
gidity they are con- 
nected in such a way 
as to divide the enclo- 



sed space within the truss into triangular spaces. The mernbers are 

either pin jointed by 



means of cylindrical 
pins or rivetted by 
help of gusset plates. 
Those joints whicli 
are situated at the 
perimeter of the truss 
are called panel points. 
The loads are gener- 
ally applied at the 
panel points, as would 
be seen, from the above 
figures. 


Structures are supported on abutments or piers called supports. 
One end of the truss is set upon the support and fastened to it 
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(the point A in each figure). The other end is supported in such 
a manner that expansion or contraction due to change of tempera- 



ture etc., may be taken up. For this purpose the expansion end 
is mounted on rollers. 

Examples of copl an ar force systems in equilibrium, are met 
in the analysis of the stresses in the members of the trusses. To 
avoid bending of the members the external load must be applied 
only at the joints. 

Trusses are designed for carrying loads that may act upon the 
structure. The permanent forces on the trusses due to road way 
flooring, weight of members, etc., are called dead-load. Other 
forces on the trusses, such as effect of wind, vehicles, traffic etc., 
which are variable, are called live-load. The maximum value of 
live load should be foreseen and estimated. Each member of the 
truss is then designed for the stress I'esulting from the combination 
of the loads. 

After the maximum loads have been estimated, the stress in 
the members are calculated, taking into consideration the following 
assumptions — 

{a) The external loads on the truss act only at the joints. 
It is often done so practically. Thus the weight of the 
roadway or the roof carried by trusses in above figures are 
thrown on the panel points by the use of cross beams 
that rest on the truss only at the joints. ^ 

{h) The weight of the members is neglected as compared to 
other loads, or the weight of a uniform member is replaced 
by two parallel forces, each equal to half the weight 
and acting at the joints. 

These assumptions give us a frame-work of weightless rigid 
members, with forces acting at the joints. Since the forces acting 
at each of the two joints of a membef^will reduce to a single re- 
sultant, therefore, for ecj[uilibrium the resultant at one end of 
a member is equal and opposite to the resultant at the other end. 
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Tims, every member is a two-force piece and is either in tension or 
compression. A member in tension is called a tie; a member in 
compi'ession is called a 

5*6, Metliod of Joints. Before determining 
the stresses in the members of a truss all the external 
forces, including reactions at the supports, should be 
determined considering the whole truss as a free-body 
in equilibrium. There are two methods to fmd the 
internal stresses in the members. 

In the first method, known as the method of joints^ 
each joint in turn is taken as a free-body. The forces, 
due to stresses in the members and external load (if 
any) at a joint constitute a coplanar concurrent force 
system in equilibrium and a solution is obtained from 
the equations of equilibrium 

Two unknown stresses can be found from these 
equations. Therefore, the joints should be taken in 
such an order that there are not more than two unknown 
stresses at each stage. 

In many cases the sense of the unknown forces in a 
member is evident by inspection. When this is not 
the case, the force may be assumed to be directed away 
from the joint. If after solving the equations of equili- 
brium the sign of the force is found to be negative 
the sense of the force must be opposite to that as- 
sumed. 

The figure below, represents a bridge truss. I’he panel 
lengths are each equal to 12 ft. The load carried by panel points 
F, G and H, is 4 tons each. Find the stresses in all the members. 

Considering the whole 
truss as a free-body, the 
reactions at supportsyl and 
E are equal, i.c. — 
tons (as loads and figure 
are both symmetrical). 

Since the structure an4 
loading are symmetrical, 
the stresses, in the members 
on the right of CG are same 
as those in the correspond- 
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ing members on the left. Therefore 
it is necessary to consider free-body 
diagrams for the points A, B, C, G 
and H only. Fi'om the free-body 
diagram for the point A, we have 

TXi =F 2 -Fi cos 60° = 0 . 
rri = -TiSm60°+6 = 0. ' 

f = 6 X 2/-v/3 = 6 * 92 tons. 

I Fa = 6- 92 X I- = 3-46 tons. 

Next, the free-body diagram for the point B gives : 

TZi=Tisin30°--F4-0. F^ = 6-92 x| =3-46 tons. 

TFj — Tjcos30°— F 3 = 0 . F3=6'92x v^3/2 =6 tons.. 

Next consider the joint H. We get 

TZi =Fe-F 5 cos 60 °-F 2 = 0 . 

T Ti = -Fs sin 60°-1-F3-4 = 0 . 

/. F 5 = (6-4)2/-v/ 3 = 2*308 tons. 

.-. F 6 = 3*46+2*308/2 =4*614 tons. 

Then, joint G gives 

Stress in member CG—4; tons. 

Stress in member (?F=F 6 = 4*6I4 tons. 

Lastly, joint C gives 

Tri=2F5Cos30“-4 = 0. .*. F 5 = 2x2/v"3 = 2*308 tons. 


which gives a check that the results obtained are correct. 
To sum up 


Members 

Stress in tons 

Nature 

AB & DE 

6*92 

Compression 

AH & FF 

3*46 

Tension 

BC & CD 

3*46 

Compression 

CI-I & CF 

2*3 

Compression 

HG & FG 

4*6 

Tension 

BH & DF 

6«0 

Tension 

CG 

4*0 

Tension 
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Method of Sections. In determining the 
stresses in the members by the methods of sections, the truss 
is divided into two parts by a section so that it cuts not 
more than three 
members. The part 
of the truss on either 
side of the section is 
then treated as a 
free-body in equili- 
brium under the 
action of the known 
external loads (act- 
ing on that part) and 
the stresses exerted 
by the members which have been cut, on the part 
considered. It will be seen from the %ure that the 
method of sections gives a coplanar non-concurrent 
force system in equilibrium, and the solution is, there- 
fore, obtained from the equations 

i:r,=o, 

i;MA==o. 

Not more than three unknown stresses can be 
determined from these equations. Consequently, the 
section must not cut more than three members in which 
the stresses are unknown. 



The method of sections can be advantageously 
used when we require the stress in a particular member 
of a truss, and not in the others. By taking a section 
cutting that member we can find that stress directly. 
If we apply the method of joints we sliEdl have to start 
from one end and find the stresses in all the intervening- 
members before reaching that particular member. 

Ex. Find the stresses inrthe members BC, CH and HG of the 
bridge-truss of the preceding example by the method of sections. 

As before, i2i=6 tons. Consider a section along the line 
A' B' (fig. p. 70,). The part of the truss, on the left, is a free-body 
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ill equilibrium under forces i?i = 6 tons, load = 4 tons, and stresses 
F 4 , Fr, and Therefore 

FXi=F,-F^~Fr,cos60° = 0. ... ( 1 ) 

i;ri=6-4-~F5sm60° = 0. ... (2) 

SMn = F,xBH~6'xAH=0. . . . (3) 


From (3), F 4 = 6 x ^^=6 tan 30°=^ =3-46 tons. 

From (2), iv,= . - '4^ = 2-308 tons. 

■ ^ sm60 v'S 

From (1), F, = 3-46+ “-4-614 toas. 


5*8. GrapMcal Method. The graphical method 
of analysis of stresses in the members of framed structures 
is simpler ihan the analytical method and is widely 
used by engineers, particularly when the form of the 
structure is complicated and the load unsymmetrical. 
The stresses found by the graphical method are not so 
accurate as those found by the analytical method. 

As explained earlier the system of forces due to the 
members and the loads may be considered as sets of 
concurrent forces in equilibrium acting at each joint. 
Therefore the force diagram pertaining to any joint 
is a closed force polygon and can be drawn as explained 
in f 5‘3. 

Let us consider a simple structure as shown in %.(«), 
Oil page 72, loaded with three equal weights W. Taking 
the entire structure as a ffee-body, indicate external 
forces (including reactions) by Bowl’s notation in ciock- 
’is ise sequence and then draw a force polygon (adopting 
some suitable scale for forces) as shown in fig. (b). The 
force polygon is a closed line abedea, since the forces 
acting on the structure are parallel. 
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Next each triangular space within the structure 
is eJso denoted by letters in continuation as shown in 



fig. [a ) . Then each joint is taken (in the order 
indicated by the numbers 1, 2, 3, . . .) as a free-body, 
and its force polygon is superimposed on the original 
diagram as shown in fig. (b). Thus the linked poly- 
gons pertaining to various joints, plotted together, 
form a stress diagram for the truss (fig. b). 

Referring to the stress diagram it would be seen that 
For joint no. 1 the force polygon is eafe 

For joint no. 2 the force polygon is fabgf 

For joint no. 3 the force polygon is bckgb 

For joint no. 4 the force polygon is efghie 

It is necessary to take the forces in a sequence (either 
clockwise or anticlockwise) throughout the solution. 
The anticlockwise sequence would yield a diagram 
which would be the exact reverse of fig. {b). 

Since for a concurrent force system riot more than 
two elements can be determined, hence it is necessary 
that joints should be selected in such an order that not 
more than two unknown stresses are introduced at 
each stage. 
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Ex, 1 . Find the stresses in the members of the bridge truss of 
Ex. fj 5’6, graphically. The loads, carried by the panel points 
F. G and H are 4 tons each. 



Indicate the forces by Bow’s notation AB, BC, CD, DE and 
; EA, and in continuation indicate the triangular spaces by E, G, 

'i H, /, J and A". First draw the force polygon for the external 

forces to scale (|"=4 tons) which is a line abcdea. Next start 

from the joint (1) and draw the force triangle eaf (by drawing ef 

and af parallel to the corresponding forces, through e and a res- 
pectively). 

Then for joint (2) draw the force triangle fag; 

I for joint (3) draw the force polygon fghdef; 

and for joint (4) draw the force polygon dhic. 

j The rest can be drawn by symmtery. 

I The stresses in the members, as obtained by measurement, 

! are given in the table below : 


A'lember 

Stress 

Member 

Stress 

1-2 & 

7-8 

6-9 tons (G) 

3-4 & 4-6 

4‘6 tons (T) 

1-3 & 

6-8 

3'45 tons (T) 

3-5 & 5-6 

2-2 tons (G) 

2-3 & 

6-7 

6'0 tons (G) 

, 4-5 

4*0 tons (T) 

2-5 & 

5-7 

3’45 tons (T) 
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Ex. 2. Find graphically the stresses in the members of the 
bridge truss shown below. Loads of 4 tons each act at three panel 
‘points as shown in the figure. [Allahabad, 1964] 




Indicate the forces by Bow’s notation in a clockwise sequence 
and the triangular spaces by letters in continuation. 

Draw the line polygon abcdea for the external forces (scale 
1" = 8 tons) . 

Starting from the joint 1 draw force polygons pertaining to 
each joint, linked to each othei', and obtain a stress diagram for 
the bridge truss (fig. b). ■ 


The stresses in the members, as obtained by measurement, are 


Member j 

1 Sti-ess 

1 

Member 

Stress 

1-2 & 9-10 

6 tons (G) 

4-5 & 5-8 

8 tons (T) 

2-3 & 7-9 

6 tons (G) 

3-4 & 6-7 ! 

4 tons (C) 

3-6 & 6-7 

6 tons (C) 

4-6 & 6-8 

2-8 tons (T) 

2-4 & 8-9 

8'5 tons (T) 

1-4, 8-10, 5-6 

1 Zero 


Ex. 3. A roof truss, shown in figure {a) on the next page 
is subjected to wind load as indicated, the loads being perpendi- 
cular to the upper chord. The truss rests on a smooth plate at 
the left end so that the reaction at that end is vertical. Find 
the magnitude and direction of the reaction at the right end of the 
truss and the stresses in the members. 

First taking the entirgt, truss as a free-body in equilibrium, 
wc find the reaction of the supports i?j[ and /tlo, graphically. To 
determine them draw known vectors a/b, be and cd, to scale f ''' = 
2000 lb. giving designation to forces by Bow’s notation. Select any 
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point 0 as pole and draw rays ao, bo, co and do. Since the line 
of action of iJg is not known, hence start the funicular polygon 


1000 



{a) (b) 

from the right end support (a point known to be on R^). Draw 
strings DO, CO, BO and ^10. The closing line of the funicular 
polygon will determine and R^. Thus, draw line eo parallel to 
the closing line EO and draw ae vertical, and obtain the intersec- 
tion point e. The vectors de and ea will give the magnitudes and 
directions of the reactions R^ and Ri. 

Next draw linked force polygons for each joint, in the order 
indicated by the numbers 1, 2, 3, ... taking the forces in clockwise 
sequence. This will give a complete stress diagram for the truss 
(%■ ‘^)- 

By measurement, the stresses are : 


Alember 

Stress 

Member 

Stress 

1-2 

28001b. (G) | 

1-3 

2000 lb. (T) 

2-4 

2800 lb. (G) 

2-3 

2000 lb. (G) 

4-5 

2300 lb. (G) 

3-4 

2000 lb. (T) 

5-7 

2300 lb. (G) 

Others 

Zero. 

' ^ 


The reaction R^ at the left support = 2300 lb. vertically upwards. 


The reaction A’a at the right support = 2300 ib. inclined at 150° 

with the horizontal. 
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_^Ex, 4. Find the stresses in the members of the cantilever 
roof truss, when loaded at its upper chord panel points as shown 
in fig. (a). 

First taking the entire truss as a ffee-body, determine the 
reactions Ri and of the 
wall at points 6 and 7, 
graphically. Indicating for- 
ces by Bow’s notation, draw 
vectors ab, be, cd to scale 
(i"=4000 kg,). Select any 
point 0 as pole and draw rays 
ao, bo, CO and do. Starting 
from point 7 of the space dia- 
gram, (the only point known 
on the line of action of R,^ 
draw strings DO, CO, BO 
and AO, and obtain the 
closing line EO oi the funi- 
cular polygon. Coming back 
to the force diagram, draw through o the ray oe parallel to 
the closing line and 
through a draw line 
ae parallel to force 
AE and obtain the 
intersection point e. 

Join de. Then vector 
de represents the re- 
action at 7 both 
in magnitude and 
direction and ea re- 
presents magnitude 
of force Ri. By 
measurement, R^^ is 

6450 kg. at an Z_2l° (b) 

with A'-axis and is 4100 kg. 

Next taking the joints in the order 1, 2, 3, ... draw force 
polygons for each joint, and obtain a complete stress diagram 
for the truss. 


By mea.surement the stresses are : 


Member 

Stress 

Member 

Stress 

1-2 

2 100 kg. (G) 

3-5 

3000 kg. (T) 

1-3 

1800 kg. (T) 

4-5 

1100 kg. (T) 

2-3 

Zero 

5-6 

4100 kg. (T) 

2- 4 

3- 4 

1800 kg, (T) 

2200 kg. (C) I 

5-7 

3000 kg. (G) 
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Examples 7 

L Two forces of 50 kg. and 75 kg. act on the beam AB, 
as shown in %. 1. Determine graphically the reactions at the 
supports A and B. 



Fig. 1 Fig. 2 

2. Determine graphically the reactions at the supports A 
and B of the beam AB loaded as shown in fig. 2. 

3. Find the forces in the membei's of the derrick crane shown 

in fig. 3, loaded at A with 10 tons. (BC is vertical and the members 
are pin-jointed at A, B, C and D.) [Roorkee, Arch., 1966] 



D 


Fig. 3 Fig. 4 

4. A simply supported roof truss, shown in fig. 4, carries a 
load of 1500 kg. at D. The span AB of the ti'uss=4 m. and the 
angles at A and B are 30° and 45°. Find the reactions at the 
supports and the stress and its nature in each member of the truss. 

The roof truss, shown in fig. 5, is suppox'ted at points 
A and E. It carries loads of 4 metric tonnes each, at points B, C 
and D. The span AE = 20 ft., and the angles at A and E are 45°. 
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The pieces BF arid FD are perpendicular to AC and CE [respec- 
tively. Find the stress in each member. 



40 ton 


Fig. 5 Fig. 6 

Find the forces in the members of the frame loaded as 
shown in fig. 6, BD being parallel to AE, [Panjabi 1 956] 

7. The truss, shown in fig. 7, carries loads of 4 tons and 7 
tons at points B and C. It is supported at the end points A and B. 
The lengths of the members AB, BC, CD, EF, BF and CE are each 
5 ft. .. Find the stress in each member of the truss. 

The wari'en truss, shown in fig. 8, is simply supported 
at A and E. It carries loads of 2000 kg. each, at panel points 
G and F. The piece AG=GF=FE=2 m. and the angles of the 
triangles are each 60°. 

Draw the force diagram for the truss and determine the stress 
in each member of the truss. 


Fig. 7 Fig. 8 

9. All angles of the cantilever frame, shown in fig. 9, are 
60°, excepting the two at A and H, The frame is fixed to the wail 
at .4 and H. It carries loads of 6 tonnes, 6 tonnes and 3 tonnes at 
points B, C and D, respectively. Find the stresses in the me mbers 
AB, BF, BG and HG, 

10. Determine the forces produced in the members (1 to 10) 
as shown in fig, 10 due to horizontal force P = 400 lb. applied 
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at ^^>e top. In the tower BC, DE, FG are parallel and AB—BD‘ 
= DF. . 1957 ] 



Fig. 9 Fig. 10 


II. The frame, shown in fig. 11, is attached to a wall at A 
and E and carries two loads of 4000 kg. and 2000 kg. at points 
B and C. The pieces AB, BC, CD and BD are 5 ft, each; and 
angle DBE is 60^. Draw the force diagram for. the truss, and 
determine the magnitude and the nature of stresses in all the 
members of the frame. 



Fig. 11 Fig. 12 

12. A cantilever frame, as shown in fig. 12, is attached to a 
wall at C and D. It carries loads of 2 tons and 4 tons at A and B, 
perpendicular to AB, and vertical loads of 3 tons and 6 tons at 
•d and E. The piece AFl is 10 ft., ET> is 5 ft., the angle CAD is 
30" and the piece BE is perpendicular to AC. Find the forces- 
and the nature of stress in all the members of the truss. 
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FRICTION 

6T. Defiiiitiosi and general considerations. 
'When a body in contact with another body slides 
or tends to slide over it, then a force of resistance, other 
than the normal reaction, conies into play which acts 
tangential to the surface of contact, and opposes the 
relative motion. This resisting force is called the 
_ force of friction. Friction is of importance in mechanics. 
We often recognise it as a waste of energy and a source 
of loss in certain machines, and attempts are made to 
reduce it as much as possible by the help of lubricants. 
There is, however, another aspect. Friction is often 
indirectly the means of producing motion. Consider 
the motion of a car. The wheels are pressed against 
the ground due to its weight. There is friction enough 
to prevent the wheels from slipping. Consequently 
when a turning force is applied to the wheels by the 
engine of the car, the wheels are made to roll without 
slipping. Friction is also a desirable element for 
various kinds of brakes, friction drives, etc. 

The laws governing friction between two dry 
surfaces are quite different from those for two surfaces 
•separated by a lubricant. The former were first 
given by the French engineer Charles Coulomb (1736- 
1806). Dry friction is caused by the interlocking of 
the microscopic irregularities of the surfaces in contact 
and the resulting plastic deformation when relative 
motion ensues. 

Dry friction is a passive force. It is called into play 
only when there is a tendency of relative motion bet- 
ween two bodies. Its magnitude is just sufficient to 
preserve equilibrium and prevent motion. If the force 
P which tends to causa-motion increases, the frictional 
force also increases. However, there is a limit to the 
amount of friction which can be called into play. 
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When this limit is reached the friction is colled limiting 
friction. If the applied force P increases still further, 
the equilibrium will be disturbed and motion will 
ensue. 

It is found as a result of experiments that 

(i) The limiting friction is independent of the 
magnitudes of the areas in contact. 

(ii) The limiting friction between tw^o bodies 
bears a constant ratio to the normal reaction between 
them. This ratio is called the coefficient of friction. 
Thus, if R denotes the normal reaction, then the 
limiting friction is where ju, the coefficient of fric- 
tion, is a constant depending on the nature of the 
materials in contact. 

(iii) When the motion takes place the law's of 
limiting friction still hold, but the coefficient of fric- 
tion fx is slightly less than that for the static case. To 
distinguish betAveen the two cases we respectively 
call them the coefficient of static friction and the co- 
efficient of kinetic friction. 

The value of jLt depends upon the materials and also on the 
roughness of the surfaces in contact. Some of the values are 
given below. 


Materials 

Coefficient of static friction 

wood on wood 

0-25-0'5 

metal on w'ood 

0*2 -0-6 

metal on metal 

0-15-0-25 

leather on wood 

0-25-0‘5 

leather on metal 

0-3-0-6 


The friction between two surfaces completely separated by 
a film of lubricant, depends on the properties of the lubricating 
fluid, and is better studied under fluid mechanics. Fluid friction 
comes into play only during motion, and depends on the viscosity 
of the fluid, the thickness of the film, the ai’ea in contact and the 
relative velocity of the two surfaces. It is independent of the 
normal reaction between the two surfaces. Most of these 
properties are completely at variance with the laws of dry friction. 

M 6 
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So the friction between partially lubricated surfaces may not obey 
any fixed laws. 

A third type of friction called rolling friction comes into play 
when a sphere or a cylinder rolls over a surface. This friction 
arises on account of the slight deformation of the two surfaces in 
contact, and is much less in magnitude than sliding friction. 
Consequently a number of machines use ball or roller bearings 
in place of axle bearings in order to reduce friction. The laws 
of rolling friction are not well established, and we shall not consi- 
der them here. 

6*2. Angle of friction. When a body has a 
tendency to slide over a surface under the action of 
external forces, the action of the surface on the body 
consists of two forces : 

(i) the normal reaction R, acting along the normal 
to the surface, and 

(ii) the frictional force A, acting along a tangent 
to the surface. 

Therefore the resultant reaction of the surface on 
the body, is 

making an angle tan~^ {FIR) with the normal. 

This angle increases as F increases, and the maxi- 
mum value is reached when the friction is limiting. 
In this case the angle 

= tan~^(ft,i?/i2) =tan”’'ft — A, say. 

This angle which the resultant reaction makes with 
the normal in the case of limiting friction is called 
the angle of friction. 

If we draw a cone of semi- vertical 
angle A with the normal ON to the surface 
as axis and 0 as vertex, then the resultant 
reaction at 0 will always He within this cone, 
and in the limiting case will lie on the 
surface of the cone. This* cone is called the 
cone of friction. 
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6*21. Angle of repose. If a body rests on an inclined 
plane and if a, the inclination of the plane, is 
on the point of moving down the plane due 
to its weight, angle a is called the angle of 

repose. 

The free-body diagram for the body 
gives three forces i?, >iR and W in equi- 
librium. Resolving the forces along and 
perpendicular to the plane, we get 

IV sin a and R= W cos a. 

Therefore, by division, 

tan a=ja=tan A, 

or a = A. 

Hence the angle of repose = the angle of friction. 

This gives a convenient method to determine the coefficient 
of friction experimentally, A body is placed on an inclined plane 
and then the inclination is slowly increased until the body is about 
to move down the plane. Then the coefficient of friction p is 
equal to the tangent of the angle of repose. 


such that the body is 



W 


6*3. Problems on Friction. When a body is at rest on a 
rough surface, then in considering its equilibrium the force of 
friction F should also be taken along with the other forces 
acting on the free body. The direction of F will be opposite to 
that in which the body will move if there was no friction. The 
problem is then solved making use of the equations of equili- 
brium for coplanar forces. If the body is just on the point of 
moving, then the frictional foi'ce F should be taken equal to the 
limiting friction fiR. 


Ex, 1. Find the least force required to move a body on a 
rough horizontal plane, and the angle this force makes with the 
horizontal plane. [Roorkec, 

Let ]'V be the weight of the body on which a force P, acting 
at an angle d with the horizontal, 
just causes the body to move. The 
otlier tu’o forces acting on the body 
are the reaction R and the friction 
fiR. 

To simplify the solution, let us 
combine ll and /ii? into the resultant 
rcaciio’i .j acting at an angle A w^h 
the vertical. Then the three forces 
IV, P and S arc in equilibrium. 



V'/ 



FRICTION 


Applying L ami’s theorem, we have : 
P W 

sin (180-A)” sin (9O+A-0) 
M'^sinA 


For minimum value of P, 6 = X, i.e., P should be perpendicular to 
the resultant reaction S. Also, 

Fmin — sin A. 

Ex. 2. A cone rests on a rough horizontal plane and a cord, 
fastened to the vertex of the cone, passes over a smooth pulley at 
the same height as the top of the cone and supports a load. Show 
that, if the load is slowly increased, the cone will turn over or 
slide according as the coefficient of friction [j. is greater or less 
than tan a, where a is the semi-vertical angle of the cone. 

[U. P. E. S., m3] 

Let W be the weight of the 

■cone and P the force applied to r r — a 

the vertex A in the horizontal /p. j 1 

direction due to the load. / | 

Suppose the frictional force / ' \ ^ ^ 

F of the plane on the cone is / gI \ R j 

sufficient to prevent sliding, / Iw Nf , 
and the cone is about to turn -777 g /w > )/> 77 v rffrm 

■over about the base point C, h- -*l 

then the normal reaction R will act at this point C. 

Resolving the forces horizontally and vertically, we get 

P=F and W=R. . . . ( 1 ) 

'Taking moments about the point C : 

Wr~Ph = 0, 

•or P=PV,y=PVtana, 

h 

•or, by ( 1 ), F=Rtana. 

Therefore, if /x,>tana, F<}iR and the cone will turn over, 
before the case of limiting friction arises. 

If jtx<tana, then the force F required to prevent sliding is 
■greater than pR. As this is not possible, the cone will slide before 
it turns over. 

Ex. 3. A heavy unifornj, rod of length 2a lies over a rough 
peg with one end leaning against a rough vertical wall. If c be the 
•distance of the peg from the wall and A the angle of friction both 
•at the peg and the wall, show that when the point of contact of 
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the rod with the wall is above the peg, then the rod is on the point 
of sliding downward when 

a sin^ d—c CQS^ X, 

where 6 is the inclination of the rod with the wall. 

[Jabalpur, 1959J 

When the contact point A of the rod with the wail is about to 
slip downward, then the limiting fric- 
tional force IJ.R of the wall and yiS of 
the peg act on the rod in the du'ections 
indicated in the figure. 


The free-body diagram for the rod 
AB gives forces IV, S, fxS, R and (jlR in 
equilibrium. ' 

Resolving the forces horizontally and vertically 
fjiS sin 6 =:R~{-S cos d. 

{jlR-\-^ sin 0-f-p.S’ cos 6= W. 

From (1) and (2), eliminating R, 

Ssme{{V+l) = W, 
or sin 6 sec^ A = W. 

Taking moments about the point A : 

W . a sin d — S . c cosec d—0, 
or Sc = Wa sin^ 9. 

Eliminating S from (3) and (4), we get 
<2 sin® cos^ A. 



( 1 ) 

( 2 ) 


(3) 


(4) 


Ex. 4, A solid homogeneous hemisphere rests on a rough 
horizontal plane and against a smooth vei'tical wall. Show that 
if the coefficient of friction be greater than the hemisphere can 
rest in any position, and if it be less, the least angle that the base 
of the hemisphere can make with the vertical is 

cos-i(Ip), 

where y, is the coefficient of friction between the plane and the 
hemisphere. 

If the wall be rough (coefficient of friction (xj, show that this 
angle is 


\ 3 ‘ 
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Let 6 be the angle that the base of the hemisphere makes with 
the vertical. The forces acting on the hemi- 
sphere are the weight W, the normal reaction 
R of the ground, the frictional force F, and 
the normal reaction S of the wall. Resolv- 
ing the forces horizontally and vertically, 
we get 

F=S and R=W. 

Taking moments about the centre C of the 
hemisphere, 

Fa-^Wa cos e = 0. 



Therefore 


F S 

^=-gCos6 


( 1 ) 


If fi > f , then FjR is less than fi for all values of 6. The limiting 
friction is never reached and the hemisphere can rest in any posi- 
tion. 

If /r<f then for the limiting case Fj R — cos 6, by (1). 

Therefore 


9=cos-i(|^). 


If the wall be rough and 9 be such that the hemisphere is 
about to slip, then in addition to the above forces there is a 
frictional force of the wall acting vertically upwards. Resolv- 
ing the forces, we get 


lxR=S B.nd R-{-fi^S=W, 

T aking moments about C, 

( a — W cos 6=0, 
/xi?(l +/ri) = I IT cos 6. 
From (2) and (3), 

^ 3 ■ 


( 2 ) 


( 3 ) 


0=COS“^0 


Ex. 5. A ladder on a horizontal floor leans against a vertical 
'.vail. The coefficient of friction of the floor and the wall with the 
ladcier are /r and respectively. If a man, whose weight is ?i 
limes that of the ladder, wants to climb up the ladder, show that 
the minimum safe angle of the ladder with the floor is 


I 2u(l+n) r 


[Jodhpur, 1965] 
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Let the length of the ladder be 2a and its 
weight, acting at the mid-point G, be W. 

The largest tendency of the ladder 
slipping will be when the man is at the top 
of it. Let d be the angle the ladder makes 
with the floor, when it is about to slip. Then 
the frictional forces acting at the ends A and 
B of the ladder are /nit and /n^S in the direc- 
tions shown in the figure. It and S are the 
normal reactions of the floor and the wall 
on the ladder. The free-body diagram for the ladder is as shown. 

Resolving the forces horizontally and vertically, we get 

S~[nR. 

R+i^rS=:{n-i-l)W. 

Eliminating S, we have 

iJ(l+Wi)=(" + l)H"- ■ . ■ (1) 

Taking moments about the point B, we get 

IT . cos 0+juR . 2<z sin 0— i? . 2a cos 0= 0, 
or 2/iRsme=^{2R-W)cosd, . . . (2) 


/ijS 


/ 


' A 


From (1) and (2), 2ft sin ^=^2— cos 
or 6- tan-i I 


Ex. 6. A drawer of a table, d feet deep from back to front, 
has two handles. Show that if it is required to open or to shut 
the drawer by one handle, then the handle should not be placed 
at a distance greater than cot A from the centre of the drawer, 
where A is the angle of friction. [U. P. E.S., 1964] 


In the margin is a sectional 
plan of the table and the drawer 
ABC D. Suppose it has two handles 
at distances x feet from the centre 
0 of the drawer. 

Suppose a force P is applied 
to one of the handles. Due to 
this eccentric force P, the two cor- 
ner edges A and C of the drawer 
will rub against the walls of the 
table as shown, and frictional forces 
oppo.sing motion will develope 
■ there. Suppose the friction is the 
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and i ?2 ai’e the normal reactions of the walls at A and C, the 
frictional forces at A and C are [xR^ and {xR^. 

Resolving the forces along AB, we get R^ — R^; and taking 
moments about 0, we get 

. 0A~ixR., . OB~Ro . d+P . x= 0, 
or Rod=Px. 

NoWj the maximum force which can be called into play to 
oppose the motion of the drawer 

= /Lii2jd-jLti22 = 2/xit2 =2ju,PA:/i/. 

This must not be greater than P otherwise the drawer will 
not move, i.e., 

2ixPxld<P, 

or X < i/2/i., or x< \d cot A. 

Examples 7 

1. A body, weighing 5 pounds, is placed on a rough hoii- 
zontal table. The body just moves when a string attached to it 
is pulled with a force of 1 pound at an angle inclined upwards at 
30° to the table. Find the coefficient of friction. 

[Banaras, 1 954] 

2. A rough rectangular block of weight Wi is placed on 
another rough block of weight both being placed on a rough 
horizontal table. A horizontal foi'ce P acts on the upper block. 
Draw free-body diagrams for each of the blocks when P<plTj, 
and also for the case when P>/alf\; where p is the coefficient of 
friction for all the surfaces, 

3. A uniform cube, whose edges are each two metres long, 
stands on a rough horizontal plane. A gradually increasing hori- 
zontal force is applied to one of its vertical faces at a height of 
50 cm. above the centre of that face. Determine how the equili- 
brium will be broken (a) when the coefficient of friction p=:0‘5, 
(Z;) when the coefficient of friction p = 0*7. 

4. A uniform ladder rests in limiting equilibrium with one 
end on a rough floor whose coefficient of friction is p, and with the 
other end against a smooth vertical wall. Show that its inclina- 
tion with the vertical is 

tan"^ (2p). 1965] 

5. A uniform ladder rests in limiting equilibrium with one 
end on a rough wall and the other end on rough ground. If the 
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coefficients of friction be fXj and /xg for the gi’ound and the wall 
respectively 3 show that 


2^1 


where 0 is the angle of inclination of the ladder with the ground. 


6. A uniform ladder, 70 ft. long, is equally inclined to the 
vertical wall and to the horizontal ground, both of w'hich are 
rough. The weight of the man and his burden, ascending the 
ladder is 2 cwt., and the weight of the ladder is 4 cwt. If the 
coefficient of friction between the ladder and the ground is and I 
between ladder and the wall, prove that the man may ascend 
20 feet along the ladder before it begins to slip. [Panjab, 1956] 

7. A 25-kg. ladder, 4 m. long, rests on a rough floor and 
against a rough wall. The ladder is inclined at 30° with the vertical 
and starts to slip when an 80-kg. man has climbed half-way up. 
If the coefficient of friction at the wall is 0’2, find the coefficient 
of friction at the floor. 

8. A ladder, 20 ft. long with its centre of gravity 8 ft. up, 

weighs 60 pounds and rests at an angle 6 to the ground against a 
smooth vertical wall. The coefficient of friction between the 
ladder and the ground is Find the least value of d which will 
enable a man weighing 140 pounds to reach the top without the 
ladder slipping. [Banaras, 1 953]; 

9. A uniform ladder rests at an angle of 45° with the hori- 
zontal, with its upper extremity against a rough vertical wall and 
its lower extremity on the ground. If (x and fx' be the coefficients 
of friction between the ladder and the ground, and between the 
ladder and the wmll respectively, show that the least horizontal 
force that will move the lower extremity towards the wall is^ 

IPK. ^ +2fX-fX^l' 

^ ‘ 1 — ’ 

where W is the weight of the ladder. 

10. A uniform rod of length 2a rests on a rough floor and 
against the smooth edge of a table of height h. If the rod is on the 
point of slipping when inclined at an angle 6 with the horizon- 
tal floor, show that 

i =~cosec^ B sec 0— cot 6, 

[x a 

where fx is the coefficient of friction be|W'een the floor and the rod. 

11. A chest in the form of a rectangular parallelopiped, whose 
weight wdthout the lid is 100 kg., and width from back to front 
30 cm., has a lid weighing 25 kg. and stands wdth its back 15 cm. 
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from a smooth wall and parallel to it. If the lid be open and 
lean against the wall, find the least coefficient of friction between 
the chest and the ground so that there may be no motion. 

12. A pair of compasses describes a circle of radius r on a rough 
piece of paper. One leg of the compass is at the centre of the 
circle and the other leg, caiTying a pencil, describes the circle. If 
the vertical px'essure given at the head of the compass be P and the 
coefficient of fi'iction between the pencil and the paper be /x, 
show that the horizontal couple exerted at the head is 
IpPr. 

,13. Two equal and uniform rods AB and BC, each of length 
/, are smoothly hinged at B. Two light rings are attached to the 
ends A and C of the rods, which can slide on a rough horizontal 
rod AC. If p be the coefficient of friction between the rings and 
the rod AC, show that the maximum distance at which the rings 
can remain in equilibrium is 

4m/ 

V(V-l-i) • 

14. Two equal uniform ladders hinged together at one end, 
stand with the other ends on a rough horizontal plane. A man 
whose weight is equal to that of one of the ladders ascends one of 
them. Find which of the two ladders will slip first. If the slipping 
occurs when lie has ascended a distances, prove that the coefficient 
of friction is (a+.v) tan a/ (2a -fix), a being the length of each ladder, 
and a the angle each makes with the vertical. 

15. Two ladders, AB and of lengths 4 m. each and each 
weighing 30 kg., are smoothly hinged at A and are placed 
symmetrically with their ends B and C on a rough horizontal 
floor. The coefficient of friction between the ladder and the floor 
is -J-. If a man, weighing 70 kg., wants to stand anywhere 
on the ladder, find the maximum distance at which the ends B and 
C can be placed, without causing the ladder to slip. 

16. A uniform rod AB, of weight W, rests witli one end A 
against a rough vertical wall and the other end B is supported by 
a string equal in length to the rod and fastened to a point C verti- 
cally above A. If the rod be in limiting equilibrium, show that ihe 
inclination of the rod with the vertical is 

0=tan~i(3/p). 1955] 

17. A uniform rod of length 2a, lies on a smooth peg v.flth its 
end leaning against a rough wall, the point of contact below the 
level of the peg. Ifthe horizontal distance of the peg from the wall 
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be c and A be the angle of fricticn between the rod and the wall, 
show that the inclination 6 of the rod with the vertical is given by 
a sin^ 6 sin (6 — A) =c cos A, 

when the rod is on the point of slipping upwards, and by 
a sin^ 6 sin (0-fA) —c cos A, 

^','Iien it is on the point of slipping downwards. 

1 8. A rectangular panel of weight W and height h, is guided 
vertically and is just being raised by a vertical force P acting in a 
line distant e to the right of the vertical centre line of the panel, 
Sliow that 

W 

p~ l! 

1 — 2iJielh’ 

where fi is the coeflicient of friction between the panel and the 
guide. Prove also that when the panel gets jammed. 

6’4. Imclimed plame. We have already seen 
that a weight resting on a rough inclined plane will 
be in limiting equilibrium when the inclination is 
equal to the angle of friction. We shall consider 
below some further cases of the inclined plane. 

Case I. To find the force required to move a body 
up an inclined plane. 

Let W be the weight of a 
body placed on a plane in- 
clined at an angle a to the 
horizontal and let P be a force 
applied to the body at an 
angle Q with the plane just in- 
ducing the body to move up 
the plane. 

Replace R and pR by the resultant reaction 
which makes an angle A with the norma! to the plane. 
Then only three forces act on the body and, by Lami’s 
theorem, we have 

P . . " . W 

sm{180— (A-f a)} sin (90— ^-|-A) ’ 
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or 


(i) 


PKsin(A+a) 

cos(O-A) “ . • • 11 

For a minimum P we must have \ ~6, and 


Ptnin= W-^sin (A+a). 


(ii) If the force P acts along the plane, ^ = 0, and 
P= fFsin (A+a)/cos A. 

(iii) If the force P acts horizontally, d~~a, and 
P=FFtan(A+a). 

Case II. To find the force required to move a body 
down an inclined plane. 

Let the inclination a be 
less than the angle of friction 
A, and let the force P be ap- 
plied to the body at an angle 
9 with the downward direction 
of the plane, just inducing 
the body to move down the p ane. 

Replace R and ixR by the resultant reaction .S’; 
then, by Lami’s theorem, we have 

P W 

sin{180~(A-a)}“ sin (90-^+ A) ’ 

or ... (2) 

cos(9~A) ^ ^ 

(i) For a minimum P, 0 = A, and 
Pmin~IF Sin (A — ccj. 

(ii) If P acts along the plane, 9 = 0, and 

P= IF sin (A— a) /cos A. 

(iii) If P acts horizontally, 9 = a, and 

P— W tan (A— a). 

Note. If a > A, then the body will move down 
the plane, unless supported by a force. To find the 
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force P which will just support it, we can reverse the 
direction of P in the figure on page 92 and proceed as 
above. This only means that the sign of P will be 
reversed in the above equations. 

Ex. 1. How high can a body rest inside a fixed parabolic 
bowl which has 12 ft. diameter at the top and is 3 ft. deep, if the 
coefficient of static friction is 0*6 ? 

Suppose the body is in limiting equilibrium at height y ft. 
from the bottom of the bowl. Then 
the forces acting on the body are the 
normal reaction R, the limiting fric- 
tion iiR^ and the weight W. Resolv- 
ing along and perpendicular to the 
tangent, we get 

fjt.Rs= W sin if) and R= W cos if). 

Therefore tan ^=^ = 0-6. . . . (i) 

The surface of the bowl is a parabola of revolution, whose 
equation, with axes chosen as in the figure is =ky. Since (6, 3) 
is one of the points on it, therefore 

S6=kx3 or k = l2. 

Hence the equation is x^ = 12y, so that 

tanif)—^—2xll2~xf6. 

Comparing with (1) we get 

a; = 3-6 and jF=3*6x3'6/12 = T08ft. 

Hence the maximum height at which the body can rest is 
1-08 ft. 

Ex. 2. A homogeneous cone whose height is equal to the 
diameter of its base, is placed on a plane inclined at 20° with the 
horizontal. The coefficient of static friction between the base 
and the plane is 0‘4. A force, parallel to the incline and directed 
up tlie plane, is applied to the vertex. This force is gradually 
increased until motion begins. Will the cone slide or tip over ? 
Calculate the magnitude of the applied force and of the frictional 
force rvhen the motion is about to ensue. The weight of the cone 
is 80 kg. ,■ 
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Suppose the frictional 
instead of sliding tips over, 
under the action of the force P 
as shown in the figure. Under 
this circumstance the normal 
reaction R would be shifted to 
its outermost edge A, Let F be 
the force of friction. The 
fourth force is the weight 80 kg. 
of the cone acting through the 
centre of gravity G. 

Taking moments about 
the point *4: 

P.2r = 80cos2( 
or P=40 cos 20°+20 sin 20°: 


force is sufficient and the cone 



:40X -9397+20 X '342=44-43. 


Resolving the forces parallel, and perpendicular to the plane : 

P=L’+80sin20°, ... (I) 

P = 80 cos 20°. 

From(l), P=44-43-80x -342 = 17-07 kg. 

P = 80x‘9397 = 75-18kg. 

The value of the limiting friction = /LiP = *4X 75*18=30-07 kg. 
Since the value of F obtained is less than the limiting friction hence 
the cone tips over before sliding can occur. 

6*5. Tlae Screw. The application of the in- 
clined plane is found in the screws of various machines, 
specially in a screw-jack. A screw-jack is a machine 
used to lift heavy articles by small efforts. The load 
is placed on the top of a 
screw which can move up 
or down in a fixed nut. 

The effort is applied to the 
screw by means of a lever 
arm. 

The thread of a screw 
(sec figure) is an inclined 
plane, wound around a cy- 
linder. The distance bet- 
ween two consecutive threads 
is called the pitch of the 
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screw. In the case of a single threaded screw, the inclin- 
ation a of the plane is given by : 

tana— pitch of the screw 

mean circumferential length 

^ P 

27rr 

When a screw is used to lift a load, the weight 
If of the load acts vertically down and is in effect 
pushed up the inclined plane by a horizontal force, 
caused by the effort P at the lever end. 

If a is the length of the lever arm, and r the mean 
radius of the screw, then taking moments about the 
axis of the screw, we see that the effective horizontal 
force F pushing the load up the incline is given by 
Pa = Fr. 

By case I (hi) of ^ 6-4, the force required to raise 
a weight W up an incline a is 

F= If tan (A-i-a). 

Therefore, the effort required to raise a load W 
by the screw-jack is 

F=Frla— {rW/a) ta.n {X-Fa). 

Similarly, by case II (hi) of § 6‘4, the effort required 
to lower a load W is 

{rWja) tan (A— a). 

Ex. A screw-jack has a square-threaded screw of 3 inches 
mean diameter. The angle of inclination of the threads is and 
tire coeilicient of friction is 0*06. It is operated by a handle 18 
Inciies long. What pull must be exerted at the end of this handle 
(a) to raise, (b) to lower a load of 2 tons ? [Pa7)jab, 1958] 

Here a = 3° and A = tan-i (0-06) =3° 26'. 

Titerefore the effort required to raise 2 tons 
= (2r/a) tan (A-l-a) tons ' 

-(2Xl'5/18)(tan6°26') tons 
= iXO'l 128X2240 lb. =42d lb. 
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The effort required to lower 2 tons 
= {2rja) tan (A — a) tons 
= (2 X 1 '5/ 1 8) (tan 26') tons 
= ^ X 0-0076 X 2240 lb. = 2-8 lb. 


6*6. Wedges. Wedges are used in engineering practice 
as cotter-pins, keys, etc. in which friction is a desirable element 
and are utilised for connecting bodies together; or they are used 
for raising loads. 




For the solution of problems on wedges, free-body diagrams 
for the various connecting parts are considered separately. The 
resultant I'eaction acting on one 
part due to another is ec[ual and 
opposite to the resultant reaction 
acting on the second part due to 
the first. The free-body diagram 
for any part generally gives 3 forces 
in equilibrium; and an applica- 
tion of Lami’s theorem gives the 
solution. 


Graphical methods can also 
be readily applied. 

Ex, Find the value of the 
force P which must be applied to 
the wedge A in order to raise the 
block B, carrying a load of 1000 
lb., assuming that /xfor all surfaces 
of contact is 0-3. Assume that the 
block is in contact with only one 
•of the vertical faces. 


Here tan A = ’3, and A= 16° 42' 

Free-body diagrams for the 
wedge A and the block B are 
drawn, in the figure. As the force P 
tends to move the wedge A to the 
right the frictional force acting on it will be to the left. For tl. 
convenience of solution the resultant reaction acting on cac: 



R, 


face is taken. Then by Lami’s theorem, for the wedge A ; 


R. 


sin(180°-2A— IS?)' 
P 




sin(2A+15°; 


' sin(90°+A) sin(90°-!-A + 15°; 

_ R , , 

"cos A cos(A + 15°)* ' ' 



E3CAMPLES 


97 


Similarly, for thebodyjS : 

1000 _ 

sm(90°+2A-f-15'’) sm(90‘'— A) sin(l 80“~ 15“^— A? 

1000 

cos(2A + i5°) cosA~ sm{15'’-f A)* ' * * 

From {!) and (2), we get 

. . . F , ^ 1000 

sin (2Ad-15“) cos A cos(2A + 15°) * 

/. P=1000tan(2A + 15°) = lG00tan48°24f 
= 1263 Ib. 

Examples 8 

1 . An inclined force of 1 50 leg. wt. is the least force which will 
drag a body of 300 kg. along a certain horizontal plane. Find 
the least force necessary to start the body up an equally rough 
plane, inclined at 30° toithe horizontal. 

2. A weight of 60 kg. is on the point of sliding down a rough 
inclined plane when supported by a force of 24 kg. wt. acting 
parallel to the plane; and it is on the point of sliding up the plane 
when pulled by a force of 36 kg. wt. parallel to the plane; find 
the coeflScient of friction between the body and the plane. 

3. A body, weighing 100 lb., rests on a rough plane inclined 

at an angle of 30° with the horizontal, and the body is held in 
position by a rope making an angle of 30° with the inclined plane. 
What are the greatest and the least tensions in the rope if the 
coefficient of friction is 0-25 ? [Banaras, 

4. A right circular cylinder, 15 cm. in diameter and 45 cm, 
high, rests with its base on a rough table, the coefficient of 
friction between the table and cylinder being 0'4. The table is 
tilted slowly until the cylinder either topples over or slides. Which 
will it do and what is the inclination of the table at the instant ? 

5. A cone of radius r and height h rests on a rough plane 

and the inclination of the plane to the horizon is gradually 
increased- Show that the cone will slide before it topples over 
if the coefficient of fx'iction is less than 4r/^. {Jodhpur, 1 965] 

6. A particle is at rest at the inner surface of a sphere of 
radius r. If the coefficient of friction be /a, show that the greatest 
distance of the particle from the vertical diameter is 

/Ltr/VCl+A^®)* [Roorkee, 1966] 

M 7 
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7. A cycloid is placed with its axis vertical and vertex down- 
wards. Show that a particle can rest on it at any point which is 
not higher than sin‘^ A above its lowest pointy where A is the 
angle of friction and a is the radius of the generating circle of the 
cycloid. 

8. If a hemisphere rests in equilibrium with its curved sur- 
face in contact with a rough plane, inclined to the horizontal at 
an angle a, show that the inclination of the plane base of the 
hemisphere is 

sin"^ (I sin a), 

provided that a is less than sin"^ |- and also less than the angle 
of friction. [Banaras, 1963] 

9. A hemispherical shell rests on a rough inclined plane, 
whose angle of friction is A. Show that the inclination of the 
plane base of the rim to the horizontal cannot be greater than 

sin"^ (2 sin A), 1964] 

10. The horizontal cylindrical shaft of radius r of a flywheel 
of weight W is turning in circular bearings witlr a clearance such 
that line contact occurs between the bearings and the shaft. 
Assuming dry friction with angle of friction A between the shaft 
and the bearing, prove that when the wheel commences to move, 
the point of contact moves up from the lowest point of the bearing 
by a vertical distance ff(l —cos A), a being the radius of the bearing. 

Also prove that the retarding couple on the shaft due to fric- 
tion is Wr sin A. 

11. A flywheel is mounted on a horizontal axis which can 
turn in V-shaped bearings. Calculate the least weight w which 
will produce rotation when hung by a string round the axle of the 
flywheel. Assume that the weight of the flywAieel and axle is 100 
kg,, radius of the axle is 2*5 cm., angle of V is 90° and the coefficient 
of friction is 0*1. 

12. The axles of a four-wheeled truck of weight iv are I feet 
apart. On the level, its centre of gravity is A feet above the road 
and h feet behind the front axle. Show that the maximum gradient 
on which the truck can remain at rest when the front -wheels are 
locked, the rear wheels are free and the truck is facing down the 
eradient is 


tan“ 


/— /i/i - 


where /t is the coefficient of friction. 


[Ba7iaras, 1962 ] 
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1-3. The centre of o-ravm. -.r 
car, standing on a level ^ f 

road and 3-^ feet from the vprf‘ 
back axle: the distance hf»t ^lirough the 
9i feet. Whet. faSTdo,™ ^ 1 “ “ 

with the front whtfvlQ i ^ (r) 

slides down. What is ^ ? “^.d tKl it just 
gradient on which it can ch 
wheels locked. ^,dth back 

..14. hVove that if the key 

joint shown in the hgure is not fn 

the joint resists a puli P thr^ ^ w^hen 

not e.xceed 2 tan-t^^ 

offriction. Ifa=tanT„ «,‘ho coefficient 
ed to the tev in a direct®?,^ appli- 

P trill be required to remov^nev 



uie icey. | 

fivethreids'S1nch‘'"Ffnd sTT mean d' 

- ned b, the screwwhen1u^n":,%«> ^ ^ 


vertical sur&TthoS‘'q5^^^ 

trith Sch otto- «fs®mooffi “sh“* 
that the least value “ the f 

zontal force P tlroh -u . 1^°^^- 

1000 Ib Toad l^old the 



Jfl tne right. rn • 

r-3 

.'“s-'isi.ife’Hi "“"sch. hr 


hrj.f-J*5h3 
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6*7* Belt Friction. Friction of belts on pulleys 
is a desirable element and 
is utilised to transmit 
power, if an endless belt 
passes over two pulleys 
as shown in the figure, 
and if one pulley A be 
driven by an engine, the 
tensions of the belt on the 
two sides of the pulley become unequal because of the 
friction between the belt and the pulley. The resultant 
torque at the second pulley B causes it to rotate and 
the power is transmitted. 

Similarly, friction of brake-bands on wheels is used 
to resist motion. 

The portion of the-belt in which the tension is 
greater is called the “tight side” and the other portion 
in which the tension is less is called the “loose side”. 




The angle subtended at the centre by the portion 
of the belt in contact with the pulley is called the “angle 
of lap.” 

To find the relation between the tensions in the two sides 
of a belt [or rope) when it is about to slip over a pulley. 

Let T^and Tg be the tensions in the tight and loose 
sides of a belt and let a be the angle of lap [fig. [a) 
above], .. „ 

Consider the equilibrium of an element of the belt 
of length The ffee-body diagram for this 
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« Aowins .11 tt. forc= .cUnj o. 1, i, 

.. “™‘ *' »»8«. »d ft. 

( sin 0 7“sin ^ =r ^ 

Since A9 is small, up to first order terms, 
sini/16>=id0, cosjzl0=l; 
and the above equations reduce to 

fi/lR-AT, and AR=TAe. 

lAT 
''T'M' 


By division 


fX-- 


Taking limits as Ad~^Q^ this gives 

l_dT__ 

T dd~^' 

^ ‘he limits 


C\ dT 


or 

or 


Ta r 

.Tx 

T, 

Tx = T,e' 


dB, 


log 7^ =b ju,a. 


Ex. 1. A workman lowers a heavy castino- intr. c 1 

of a rope wrapped around a 9-in. round pole placed ^cans 

of the piL The coelhcient of static fnctio^nt^T^^ro? 
s 0 4. rhe rope makes one complete turn around the Sc !?■'' ? 
the greatest weight that the man can sustain K,r T ?• 
of 50 lb. at his eSd of the rope ^ ^ force 

^ [Bmiaras, i964j 

Find also the greatest weight he can sustain if * r 
turns of the rope around the pole. if he takes two 
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Suppose the man can sustain a weight of IV lb. Then the 
tension of the string on the tight side is W lb., while on the other 
side it is 50 lb. The angle of lap is 27r. 

Therefore 

or log 14^— log'50+'87rXlogio I? 

= l‘6990+*8X7rX -4343 =2*7905. 

M^=617*3 lb. 

For the second part, the angle of lap is 4^7 (two turns); there» % 


or log fF=log 50+1 ’b w log e 

= 1*6990+ 1-6X TT X *4343 = 3*8820. 
TT=7621 1b. 

Ex. 2. A belt, running at slow speed, passes half round a 
6" diameter pulley. The maximum permissible tension in the 
belt is 250 lb. The coefficient of static friction for the belt is 0*3. 
Calculate the maximum torque that the belt can transmit to the 
pulley under these conditions. {Allahabad, 1962] 

Let the tension on the tight 
side be 250 lb. (the maximum). Let 
tension on the loose side of the belt 
be T, and let the difference between 
tensions be such that the belt is about 
to slip on the pulley. Since the 
angle of lap is tt, therefore 

250=re' 

or log !r=log250~*3x-JTXiog e 

=2*3979- -SXttX *4343 = 1*9889. 
r= 97*45 Ib. 

The maximum torque that the belt can transmit, 

=(?;'- 

= (250-97*45)3 lb. in. 

=^457*65 lb. in. =38*14 lb. ft. 

Ex. 3. The figure below represents a band brake. The angle 
of contact is 270“ and the coefficient of friction for the band and 
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brake wheel is 0‘2. A force of 100 Ib. is applied to the lever end as 
sliov/n in the figure. 

If the brake wheel 
rotates in the clock- 
wise direction, find the 
tensions in the band 
and the frictional mo- 
ment developed. 

Let T-^ and Tg be 
tlie tensions in the 
band portions Jii and 
DC respectively. Since the operating lever ACB is in equilibriunij 
hence, taking moments about A, we have 

-100x30+T2X3 = 0, 
or Tg- 1000 lb. 

Since the brake-wheel rotates in the clockwise direction, 
hence 71 is the tight side and therefore 

Tj = 1 000 1 000g*3’r^ 

or log Tl=log lOOO-f-’STrloge 

=3-l--3x3'14x -4343 ==3-4092 
rj = 25651b. 

The frictional moment = ( 71 — T^r— (2565— 1 000) X 1 
= 1565 lb. ft. 

Examples 

1. A body, weighing 500 kg. is raised by means of a rope 
which passes over a round beam, the angle of contact being 180°. 
If the coefficient of friction is 0-4, what is the least force which 
will raise the body ? What is the least force which will hold 
the body ? 

2. A body weighing 800 kg. is held by a rope that passes 
over a horizontal drum, the angle of contact being 150°. If the 
coefficient of friction is b’3, find the least force that will raise the 
body and the least force that will hold the body. 

How many turns of a rope should be taken around a 
cylindrical log of wood so that a pull of 50 kg. at one end of tiie 
rope may withstand a pull of 10 metric tonnes at the other end ? 
The coefficient of friction between the, rope and the wood is 0*35. 

[HoorAee, 1966] 

4. A rope passes over a horizontal circular beam making 
IJ. turns round the beam. What is the greatest weight at one end 
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of the rope that can be supported by a force of 50 pounds, applied 
to the other end of the rope, if the coefficient of friction is 0-25 ? 

[Allahabad, 1965] 

5. A rope is wound two times around a cylindrical post. 

If a pull of 40 kg. at one end of the rope will just support a force 
of 800 kg. at the other end, what is the coefficient of friction for 
the surfaces of contact ? {Roorkee, 1963] 

6. When a cable is wrapped once round a certain post, 
a pull of 40 pounds at one end Virithstands a load of 300 pounds 
at the other end. What load thg same pull would withstand, 
if the cable were wrapped twice round the post ? [Aligarh, 1964] 

A rope placed over a cylindrical drum, axis horizontal, 
has a weight at one end of the rope and at the other end. 
The system is in equilibrium for the values of ranging from 
40 pounds to 250 pounds. Find and the coefficient of friction 
between the rope and the drum. [Banaras, 1962] 

8. A rope is coiled 
round two fixed bollards 
as shovm in the figure, 
and one end is held with 
a force of 50 lb. Find 
the gi'eatest force which 
can be applied at the 
other end without caus- 
ing the rope to slip. 

Take the coefficient of 
friction between the rope 
and the bollards to be 0‘2. 

[Banaras, 1959] 

9. A crude form of band brake is shown in the figure. Oue 
end of the band passing 
over the drum is anchored 
at A and the other at B. 

The lever can tui'n about 
C, and the brake is applied 
by pressing D. If the 
coefficient of friction bet- 
ween the band and the 
drum is 0*15, find the 
braking couple, and prove 
that it is the same whether 
the drum is rotating clockwise or a|iticlockwise. 



P 



50ib 
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10. A rope ending in a ring is looped 
round a pulley wheel and subjected to a pull 
P in the manner shown. The coefficient of 
friction between the rope and ring is ju.. Prove 
that slip between the ring and rope will occur 
unless a is greater than the value given by 

2 cos a~e^^, 

and less than the value given by 
2cosa=e~^“. 




CHAPTER VH 

VIRTUAL WORK 

7T. Defijaitions. A force is said to do work 
when its point of application undergoes a displacement. 
The work done is measured by the product of the 
displacement and the component of the force in the 
direction of the displacement, when this component 



remains constant during displacement. Thus if F 
be the constant force, AB the displacement of the point 
of its application, and 6 the angle between AB and 
F, the work done is AB, F cos B, If the angle 6 be acute 
the work done by i^is positive (fig. 1). If 0 be obtuse, 
as in fig. 2, the work done by F is negative. We also 
say in a such a case that wwk is done against the force. 
If B is 90^, i ,e. the displacement is perpendicular to 
the force, the work done is zero. 

If the force F varies and the point of application 
moves along a curve ICD during displacement (fig. 3), 
then the w^'ork done can be obtained by dividing the 
curve into a number of small elements and finding the 
sum of the work done for each element (§5*1, part 11). 
The work done is 

fFcos^ir, 

where the integral is taken from C to D along the curve. 

If a system of forces, which is in equilibrium, acts 
upon a rigid body at rest there can be no displacement. 
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But it is found useful in many investigations to give 
the body a small fictitious displacement, and to cal- 
culate the work done by the forces for this assumed 
displacement. Such a displacement is called 2 i virtual 
displacement and the work done by a force in this 
displacement is called virtual work. We always consider 
small virtual displacements so that the forces remain 
unaltered during the displacement. 

7”11. Work dome by resiiltamit. When a number of forces 
■act on a particle which undergoes a small displacement, the algebraic sum 
of the work done by the various forces is equal to the work done by their 
resultant. 

Let A be the particle which is displaced to B. Let Fbe one 
of the forces and R the resultantj and let 0 and f) 
be the angles they make with AB. Then the 
work done by the force Fis AB . F cos 9. We 
shall get similar expressions for the work done 
by the other forces. Therefore, their algebraic 
•sum 

= 2JAB.Fcose=AB. TFcos 9 

=AB.Rco5<f> 

=work done by the i-esultant. 

7*2. Principle ©f Virtual W©rk» If a system of 
forces acting on a particle be in equilibrium and the particle 
undergoes a small displacetnent, the algebraic sum of the 
work done by the forces is zero. This follows immediately 
from the previous proposition. As the forces are in 
equilibrium their resultant is zero. Hence the algebraic 
sum of the work done by the forces, which is equal 
to the work done by the resultant, is also zero. 

The converse of this proposition is also true; viz. 
If the algebraic sum of the work done by a systern erf forces 
acting on a particle be zero for all small displacefnents, then 
the forces are in equilibrium. Y or, tkit algebraic sum 
of the work done is equal to the work done by the 
resultant. If this is zero, either the resultant is zero 
or it is at right angles to the displacement. Since the 
sum of the work is zero for af(? small displacements, 
the resultant must be zero, so that the forces are in 
equilibrium. 
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These propositions are known as the Principle of 
Virtual Work for forces acting on a particle. We shall 
now prove this principle for coplaiiar forces acting- 
on a rigid body. j 

Note. Since the forces may alter during displacement by 
small quantities of the order of the displacement, therefore, in 
general, the virtual work is not exactly zero but of an order of 
smallness higher than the first. However, we shall disi'cgard 
quantities of order higher than the first in the discussions which 
follow and say that the virtual work is zero. 

Ex. A particle of weight IV is placed on a smooth plane 
inclined at an angle a to the horizontal. Determine the force P, 
acting at an angle 0 to the plane, which will just support the 
particle. 

Besides W and P, the reaction R of the plane will also act 
on the particle in a direction per- 
pendicular to the plane. Give a 
virtual displacement Sx to the 
particle up the plane. Then the 
work done by the force P is 

Sx. P cos 6, 

and the work done by is 

Sx . W cos (90° -a). 

The reaction R does no work as the displacement is at right angles 

to P. ■ ■ ■■ ■ ■■ 

Hence, by the Principle of Virtual Work, 

Sx . P cos 0—Sx . {Tsina==:0, 
or P = kP sin a sec 6>. 

7*3. Gosastramts. The actually possible dis- 
placements of a body or a system of connected bodies 
are sometimes restricted because of the manner in 
which the bodies are supported or connected. Thus in 
the example considered above physical displacement 
oi* the particle is possible only along the inclined plane. 
It should be noted that the reaction R of the plane 
does no work for such a displacement. 

The geometric restrictions imposed on the displace- 
ments of a body or a system of connected bodies by the 
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connections or supports are called constraints^ and the 
forces exerted by the connections or supports which 
restrict the displacements are constraining forces. 

Thus in the example quoted above, the reaction R 
is the constraining force due to the constraint imposed 
by the inclined plane. For convenience virtual dis- 
placements are usually so chosen that they obey the 
constraints (i.e. the geometric restrictions imposed 
by the connections or supports). For such a displace- 
ment the constraining forces do no \vork and are 
sometimes called zt'or/c/m forces. The forces which do 
work on giving a small virtual displacement to the 
system are called active forces. 

It is, however, not always necessary to give virtual displace- 
ments which obey all the constraints. In 
fact the latter is sometimes not even 
possible. For example, consider a ladder 
AB placed on smooth level ground OA 
and against a smooth vertical wall OB. 

Slipping is prevented by a string OA tied 
to the foot of the wall and the end A of the 
ladder. The ladder is in equilibrium under 
the forces indicated in the diagram. It is 
evident that the ground and the wail 
constrain the displacements of A and B to 
be along the ground and along the wall 
respectively. The string OA further 
restricts the displacement of A in the 
direction .d 0 or OA produced.* Thus 
any virtual displacement of the ladder 
is bound to violate at least one constraint. 

Consider, for example, a virtual displacement of the ladder 
in which the ends A and B slide on the ground and the wail, res- 
pectively. Then i? and S are workless forces, while T and W 
are active forces. The tension T becomes an active force because 
the constraint of the string is violated. On' the other hand, if 
a displacement is given to the ladder in which A remains iked 

*The student may think that physical displacement of A 
towards 0 is possible. However the <string will -become islack as 
soon as A moves towards 0, and so the string imposes a constraint 
as explained earlier. 




110 


VIRTUAI. WORK 


and B moves perpendicular to AB, then R and T are worldess; 
forces while S and W are active. Here S becomes an active 
force because the constraint of the wall is violated. It sliould^e 
noted that in both the above displacements the distance AB is kept 
fixed, since any change in the length AB will introduce virtual 
work done by the internal forces acting within the ladder (these 
forces are not shown in the diagram). 

7*4o Plane displacement of a rigid body. Consider 
the displacement of a rigid body in such a way that the displace- 
ments of its particles are all parallel to a given plane. This tvpe- 
of displacement will be produced in a body acted upon by coplanar 
forces. 

The fipre below depicts such a displacement of a rigid body 
from a position CDEF to another 
position C'D'E'F', Let any two 
points A and B in the rigid body 
be displaced to the positions A' 
and B'. Then the dis place ment 
of B is equal to BB^^ -\-B-^B', i.e. 
a displacement equal to that of 
A plus a rotation about A'. This 
is also true for the displacement 
for any other point. 

Hence if a rigid body undergoes a plane displacement, this 
displacement can also be achieved by giving to every particle of 
the body a linear displacement equal to the displacement of one 
of its particles A, together with a suitable rotation about A. The 
linear displacement given to every particle will depend on the 
choice of yl, but the angle of rotation will be independent of this 
choice. Often the particle at the origin is chosen as A. Thus 
any plane displacement of a rigid body is ecpiivalent to a rotation 
of the body about the origin, together with its translation parallel 
to the A’-axis and a translation parallel to the axis. 

7*5. Principle of Virtual Work for coplanar 
forces. The necessary and sufficient condition that a rigid 
body acted by a system of coplanar forces be in equilibrium, 
is that the algebraic sum of the virtual work done by the forces 
in. any small displacement of the body is zero. 

Let the coplanar forces . act at the points 

A,, As, ... of a rigid body. Let yj, fe, y^), 
fej Js)? •••be the coordinates of Ag, ... referred 

tx-> a set of rectangular axes in the plane of the forces. 
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pendent ways, viz. (i) a 
rotation about 0, ( i) a 
translation parallel to OX 
and (in) a translation parallel 
to or Let us give all these 
three displacements, and sup- 
pose that the body is rotat- 
ed about 0 through a small 
angle a and then given small 
displacements a and ^ parallel 
to 0u¥ and OK 

Let yjj the point of application of the force K 



- sin^ 

~^~a . OAj^ .sinO 
= a-~aj^. 

Simiiarly, the total displacement parallel to Or 

~ = CD-l-AjB cos$ 

= /i+a. OAj^ ‘COS 6 

% § 7-11, the work done by the force F 

= the sum of the work done by its cmnponents 

= ('2~q)\)X^ + {i+ax^)r^ 

the '-°tk done by 
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Thereforej the algebraic sum of the virtual work 
•done by the forces 

==a£X^-^b£r^-\-a2{x^T^~y^X^). (1) 

(i) Now if the body is in equiiibriumj we have from 
the conditions of equilibrium 

SXi = El\=£{x^Y^-y^X^)=Q. 

Therefore by (1), the algebraic sum of virtual work 
done by the forces is zero. This shows that the condi- 
tion mentioned in the proposition is necessary, 

(ii) Again, if the sum (1) is zero for any displace- 
ment, then 

a£X^-Yb£r^-{-a£{x^r^~y^X^) =0 
for any arbitrarily chosen values of b and a which are 
independent of each other. This will be true only if 
TXi = 0, = 0, and E(x^r^~-y,X^) = 0, 

showing that the system is in equilibrium. This shows 
that the condition is sufficient to ensure equilibrium. 

7*51. Omission of certain forces. In appNing the 
Principle of Virtual Work to the solution of problems the work- 
less forces can be omitted from consideration as“the virtual work 
■done by them is zero for a displacement consistent 'with the cons- 
traints of the system. Such forces are enumerated below. 

(i) The reaction of a smooth surface in contact with the body for a 
displacement tangential to the surface. 

As the reaction of a smooth surface is normal to the surface 
it is at right angles to any tangential displacement. Hence the 
virtual work done is zero. 

(ii) The internal reaciwns between parts of the body, or bctwm 
■two bodies of the system when the distance between them remains unaltered. 

For, the work done by the action is equal and opposite in 
sign to the work done by the reaction. 

(iii) The reaction at a fixed point or at a fixed axis of rotation. For, 
the displacement of the point of application of the force is zero. 

(iv) The reaction and the frictional force when the body can roll 
without slipping. 

For, the point of contact being the instantaneous centre of 
rotation, is at rest and hence the normal reaction and the frictional 
force, acting at this point, have zero displacement. 
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(y) The tension in an inextensible string. 

Let rbe the tension in the string AB, and let a virtual dis- 
placement be given which moves the 
ends A, and B to A’ and B' y respec- 
tively. Let CD be the projection of 
/LB' on line AB. Since the string is 
equivalent to a force T at A and an 
equal and opposite force T at B, the 
work done by the tension 

= T.AC-T.BD==r{AB~CD) 

= T(AB—A'B' cos 8), where 8 is the angle between 

and A'B', 

= when 0 is small, 

= -r.s4 . . . 

where 81 is the extension of the string. Thus the virtual work is 
zero if the string is inextensible. 

The relation (1) also gives the work done by the tension when 
the string undergoes an extension. It will be seen from the follow- 
ing examples that this relation is useful for obtaining the tension 
in a string. 

(vi) The tension or thrust in a rod whose length remahis unaltered 

The reasons are similar to those for an inextensible string 
The work done by a rod which undergoes extension can also be 
found similarly. The work done is —T. 5/, if T is a tension anr! 
is r. S/ if r is a thrust. ’ 

7*52. Problems on Virtiial Work. The principle of 
virtual work gives us an alternative method to solve problems 
on the equilibrium of forces. A virtual displacement is 
the system and the work done by the forces is equated to zero 
This equation, known as the eejiuation of virtual work, gives a" 
relation between the unknown quantities of the system. A suit- 
able choice of virtual displacement will often simplify the solution 
of the problem. Sometimes it may be necessary to give two for 
more) different displacement to obtain a sufficient number of 
relations between the unknown quantities. 

Generally we come across two types of problems : one in 
which the position of equilibrium or the relation between the 
external forces is required, and the other in which it is required 
to determine the constraining forces. The example of § 7-2 
in a problem of the first type, while the example of a ladder given 
in § 7'3 is of the second type. To solve a problem of the first 
type, the student should give the system a virtual displacement 

M 8 • 
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obeying all the constraints. This has the advantage of removing 
aii the constraining foi’ces from the equation of virtual work. For 
an example of the second t>q)e where a particular constraining 
force is required a virtual displacement violating the corresponding- 
constraint should be given. Virtual displacements of this nature 
are illustrated in examples 1 and 2 below. 

Ex, 1. Five light rods of equal lengths are jointed together 
to form a rhombus ABCD with diagonal BD. 

The frame is hung from the joint A and three 
equal weights, each weighing W, are suspended 
from the angular points B^, C and D. Find the 
thrust in the rod ^D. 

Since the system is suspended from A 
and tlie weights are symmetrically placed with 
respect to the line AC^ hence AC is vertical 
as shown in the figure. Let T be the thrust 
in the rod BD. Let AB and AD make angles 
6 with the hoiizontal and let y be the vertical 
depth of the points B and D below A. Then 
y — asind, \ 

and BD=2acos 6, j 

where a is the length of each rod. Also, the depth of the point C 
below A is 2y. Let us give the frame a virtual displacement so 
that 6 changes to 6-j-S6; thereby jp changes toj)>d-S>>. 

From principle of virtual work, we have 

2W.By-\-W.S(2j^-{-T.S{BD)=-Q, 
or 41F. S))+r. a(5D) = 0, 

or, by (1), 411^. a cos 6 . 86— T . 2a sin 0 . 86 — 0. 

Therefore, T=^2Wcotd. 

Since ^jBD is an equilateral triangle, therefore 0=60°. 

Hence T=2FFcot 60° = -^ 14". 

V3 

Ex. 2. A pentagon ABCDE is formed of five equal uniform 
rods with their extremities freely jointed together. It is suspended 
from the angular point .4 and is maintained in the form by a liglit 
rod, joining the angular points B and E. If the rods AB and "AE 
make angles 0, and the rods BC and ED make angles <-/> \'rith the 
vertical, pi-ovc that the thrusLin the strut BE is 
H"(2 tan 0-f tan <-/>), 
where IV is the weight of each rod. 
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Since the rods are equal, hence the 
pentagon will hang symmetrically with 
respect to the vertical through ^ and the 
strut BE will be horizontal. Let T be 
tlic thrust in BE and a be the length of 
each rod. I.et y.^ and y^ be the ver- 
tical distances below A of the centroids 
of the rods AB or AE, BC or and CD 
respectively. From the principle of 
vii'Luai work, we have, 

2 IV . -1-2 W . lb' .8^3 

+ r. 8(,eF:)=G. (i) 

Now 

y^ = -ha cos d. = sin 6 . SB, 

y .2 = (t cos F-f cos (f>. Sy2= ~(a sin B . SB-j-ia sin ((> . 8^)., 

j3 = a: cos cos .'. 8j'3= (a sin ^ sin (;i . S<^). 

Also BE — 2asin d = a +2a sin (f). 

.’. 8 (BE) =2a cos 6 . 86 — 2a cos (j) . 8(l>. 



From last two equations, we obtain 



Replacing 8(f) in terms of 86 from (2) in Sjg and 8y.^, we get, 
8y^ = — a{sin 6 -Vl cos 6 ta.n (f)) 86. 

Sjjg = — a(sin 0-i-cos 0 tan ^)80. 

Putting the values of Sji, Sjjg, 8^3 and S{BE) in the equation (1) of 
virtual work, we have, 

T . 2a cos 6 . 86= W. a sin 6 . Sd-V2W. a{sm 0-|-| cos 6 tan (f>) 8^ 
A-W . a{sm 6A-COS 6 tan (^)8d^ 
or T= fF(2 tan O-ftan ^). 

Ex. 3. One end of a uniform rod AB, of length 2a and weight 
It] is attached by a frictionless joint to a smooth wail and the other 
end B is smoothly hinged to an equal rod J?C. The middle points 
of the rods are connected by an elastic cord of natural length a 
and modulus of elasticity 4PF. Prove^that the system can rest in 
equililDi'ium in a vertical plane with C in contact with the %vall 
below A, and the angle between the rods is 
2sin-i(|) 


[Banaras, 1953] 
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Let D and £ foe the mid-points of the rods AB and BC, to which 
the string is attached. D4ie to the weights of the rods the system 
'will hang with C in contact with the wall and|i)£ vertical as shown 
in the figure. 

Let The the tension in the string ££, and d the angle each rod 
makes with the horizontal. Let y be t 
■cal distance of the centroid D of rod . 

then 3y is the vertical distance of 
troid E of rod BC from A. Then 
DE=2y. 

'From the principle of virtual work, we 
W . W . B{3y) - r . 3(2;;) = 0, 

■or T^2W. 

Since for elastic strings, 

Force of tension = Modulus x strain, 

therefore 2W=4W. , 

a 

•or y — la. 

Hence sin 6=y/a — l. 

Therefore the angle between the rods = 20 
= 2 sin-1 (I). 

Ex. 4. Two equal uniform rods AB and AC, of length a, 
■are freely jointed at A and placed symmetrically over two smooth 
pegs on the same horizontal level, distance c apart. A weight, 
■equal to that of a rod, is suspended from the joint A. Show that in 
the position of equilibrium the inclination of either rod with the 
horizontal is 



provided 3c<2a. [Banaras, 1961] 

The adjoining diagram 
;shows the position of the 
rods and the forces. 

Let y^ be the vertical 
■depth of the centroids of 
the rods and y^ be the 
vertical height of the 
weight at A, from the 
line of pegs D£. 
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Conceive a virtual displacement by raising the joint A vertically 
up; then from the principle of virtual work, we have, 

2W.8y^-W.Sy^ = 0. . . . ( 1 > 

Since j'l = GE sin 6 — (-|a — sec 6) sin 6 = |(a sin d—c tan 6) 

and y^-lctanO, 

therefore — cos 0 . S9—c 6 . Sd), 

= |-r sec® 6 . 86, 

Putting these in (1), we obtain 

(<2 cos 0— c sec® ^) — |-r sec® 0= 0, 

whence cos^ 6—^ or • 

Ex. 5. Equal forces P are applied at the ends of the lever arms; 
of the screw press shown in the 
figure. Find the compression 
exerted by the plate on the body if 
the pitch of the screw is h and the 
length of one lever arm is a. 

Let us replace the compressed 
body by the reaction Q, acting 
upwards. A virtual displacement 
compatiable with the constraints 
of the system will be a rotation 

of the lever arms. The work done by the forces P will be 
2P . a8d. Due to this displacement the plate will move down by 
an amount h . 8d]2Tr, and the work done by Q, is — Qh8dl27r^ 
Hence, by the principle of virtual work, 

2Pa8d-Qh8dj2'n==Q, 

or (l=:4:7raPlh, 

Examples 10 

1. A rhombus ABCD is formed of four equal uniform rods 
freely Jointed together and suspended from the point A. It is 
kept in position by a light rod joining the mid-points of BC and 
CD. Prove that if T be the thrust fn this rod and W the weight 
of each rod of the rhombus 



7'=4ITtaniA. 


[f/. P. E, S., 1963 1 
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2. Four equal rods, each of weight W, are freely jointed so 
• as to form a rhombus ABCD. The system hangs from an angular 
point ^4 which is fixed and is kept in position by a weightless hori- 
zontal strut BD, attached to two angular points in the same 
horizontal line, A weight W hangs from C. Show that the 
compression in the strut BD is 

(2fF+Pr) tana, 

where 2a is the angle of the rhombus at A. {Banaras, 1965] 

3. Four equal uniform rods are jointed to form a rhombus 
ABCD, which is placed in a vertical plane with AC vertical and 
A resting on a horizontal plane. The rhomljiis is kept in shape, 
with the angle BAC equal to 0, by a light string joining B and D. 
Show that its tension is 2fF tan 6, where H"is the weight of a rod. 

[Aligarh, 1965] 

4. Four equal heavy uniform rods AB, BC, CD and DA, are 
jointed ai their extremities so as to form a rhombus and the corners 
-/i and C are joined by a string. If the rhombus is suspended by 
the corner A, show that the tension of the string is 2 IF and that 
the reaction at either end J5 or D is 

•I IF tan a BAD), 

where IF is the weight of each rod. 

5. A string, of length a, forms the shorter diagonal of a 
rhombus formed of four uniform rods, each of length h and weight 
IF, which are hinged together. If one of the rods be supported in 
a horizontal position, prove that the tension of the string is 

2W{2b^-~a^) 

h WW-a^)- 

6. A freely jointed framework is formed of five equal uniform 
rods, each of weight IF. The framc^vol'k is suspended from one 
comer, which is also joined to the middle point of the opposite side 
by an inextcnsible string. If the two upper rods make angles 0 
and respectively with the vertical, prove that the tension of the 
string is to the \veight of the rod as 

4 tan 0'j-2 tan ^ : tan ^-ptan [Banaras, 1954] 

7. Six cqnal uniform rods Ji?, BC, CD, DE, EF and FA, 
each of ^^•cig•ht IF, are freely jointed at their extremities so as to 
form a regular hexagon. The rod AB is fixed in the liorizoutal 
position and the system Imngs from it and is prevented from 
altering its shape by means of a string, which is attached to the 
mid-points of the rods AB and DE. Prove that the tension in the 
string is 3 IF. 
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8. A heavy elastic circular cord of natural length 2rra and 
freight W is placed round a smooth circular cone whose axis is 
vertical and semi-vertical angle is 45°. Prove that in the position 
of equilibrium, the tension in the cord is 
WJ27T, 

and tlie vertical depth of the plane of the cord from the vertex of 
the cone is 



vvhere A is the modulus of elasticity of the cord. [Banaras, 1947] 

9. Two uniform rods AB and AC, smoothly jointed at A, 
are in equilibi'iurn in a vertical plane. B and C rest on a smooth 
horizontal plane and the middle points ofdP and AC are connected 
by a string. Show that the tension of the string is 
{T’/(tan J5-j-tan C) 

where W is the total weight of the rods and B and C are the inclina- 
tions to the horizontal of the rods AB and AC. [Roorkee, 1959] 

10. A uniform beam rests with its extremities on two smooth 
inclined planes, whose intersection is a horizontal line and whose 
inclinations to the horizontal are a and y6(/3>a). The beam is 
lying in a vertical plane perpendicular to the line of intersection 
of the planes. Show by the principle of virtual work that, in 
the position of equilibrium, the inclination of the beam to the 
horizontal is 

, /cota— cotjSX 

(, 2 > 

11. Two equal uniform rods connected by a smooth hinge 
are placed over the circumference of a smooth vertical circle. 
Show that in the position of equilibrium the inclination of either 
rod to the vertical is given by 

cosec^ 0 cot 6 = Ija, 

where 21 and 2a are the length of a rod and the diameter of the 
circle respectively. [Aligarh, 1957] 

12. A rod AB is movable about a point A, and to B is attached 
a string whose other end is tied to a ring. The ring slides along a 
smooth horizontal wire passing through A. Prove by the principle 
of virtual work that the horizontal force necessary to keep the ring 
at rest is 

kPcosacos'jS 
2 sin {a+A) ’ 

where IV is the weight of the rod and a and jS are the inclinations of 
the rod and the string to the horizontal, LillnhnhnrJ 1 QfiOl 



120 


VIRTUAL WORK 


13. Show that the force necessary to move a cylinder of radius 
r and weight W up a plane, inclined at an angle a to the hori- 
zontal by means of a crow-bar of length I set at an angle p to the 
iiorizontal is 

r W sin a 
7 ■ 1 -f-cos (a+p) ' 


14. Six uniform heavy rods, freely hinged at their ends, form 
a regular hexagon ABC DEF which when hung up by a point A 
is kept from altering its shape by two light rods BF and CE. Prove 
that the thrust of these rods are 


W and 


2 


W, 


where IP is the weight of each rod. , [Banaras, 1957} 


15. A tripod consists of three equal uniform bars, each of length 
a and weight w, which are freely jointed at one extremity, their 
middle points being joined by strings of length b. The tripod is 
placed with its free ends in contact with a smooth horizontal plane 
and a weight W is attached to the common joint. Prove that the 
tension of each string is 


2{2W-\-Sw)b 

3V(9«2-12^2)- 


[Banaras, 1955] 


7*6. Stability of Equilibrium. We have so far 
applied the principle of virtual work to obtain positions 
of equilibrium. Now we shall consider the stability 
of these equilibrium positions. A position of equili- 
brium is said to be stable if the 
body slightly displaced from 

this position tends to return to V I 

it. A position of equilibrium is V 

unstable if the body slightly dis- 

placed from that position tends / 

to move farther away from it. f a 

In the marginal figure A. is a 

position of stable equilibrium 

while the position B is unstable. In a case like a uniform 
sphere resting on a plane, where the body when dis- 
placed has no tendency* either to return to or move 
farther from the former position of equilibrium, the 
equilibrium is called 
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If a body is in equilibrium under the force of 
gravity and other forces due to constraints, then for 
a virtual displacement obeying the constraints the 
forces will do no work. Therefore by the principle 
of virtual work, the work done by the weight will also 
be zero. This will be true only if the virtual displace- 
ment is horizontal (i.e., perpendicular to the weight). 
Hence, for equilibrium, the height of the centroid 
must have a stationary value. We also see from the- 
above that for a position of stable equilibrium it must 
be a minimum and for unstable position it must be a 
maximum. As the potential energy of a body is pro- 
portional to the height of its centroid above some fixed 
level, we can also state this proposition as follows : 

The potential energy of a body is a minimum for a position 
of its stable equilibrimn and is a maximum for a position of 
unstable equilibrium. 

Ex. An isosceles wedge, of 
height h and vertical angle 2a 
rests with its vertex downwards 
between two smooth parallel 
horizontal rails on the same 
level at distance b apart. Show 
that if < 2b cosec 2a, the verti- 
cal position is stable and that 
unstable oblique positions of 
equilibrium ai’c possible, 

A section of the wedge ABC 
through the centroid G is shown 
in the figure. P and Q, are the 
rails. Let AG make an angle 0 
^vith the vertical AM. Then from the right-angled triangles APM" 
and Q/lf, we have 

tan (a-f-0) and Af Q,— AM tan (a — B). 

PM-\-M (1= AM {t&VL {a-\-d)+tmi {a— 6)} 

_ . , , sin 2a 

“ cos (a+0) cos (a-f) * 
But?.U-|-MQ,=PQ,= ^. Therefore* 
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Ifjj denotes the height . of the centroid G above P then 

y—AG cos 6—AM=‘^h cos P cosec 2a (cos 20-i-cos 2a), 

so that — g/i sin d-\-h cosec 2a sin 2Q (1) 

and — |A cos 0+26 cosec 2a cos 2d. (2) 

Fiom (i) we see that the positions of equilibrium are given by 
— p sin 0+6 cosec 2a sin 20= 0, 
or sin 0 ( — §6+26 cosec 2a cos 0) = 0, 

i.e. 0 = 0 or cos 0 = (§6/26 cosec 2a) . 

0 = 0 gives the vertical position, and the other value gives two 
oblique positions of equilibrium provided 

§6 < 26 cosec 2a. . . . (3) 

For the vertical position, (2) gives 

~ — 36+26 cosec 2a, 

which is positive by (3). So j is a minimum and the vertical posi- 
tion is stable. As minima and maxima occur alternately the oblique 
positions are unstable. 

7‘7. Rocking Cylinders. Let the figure represent the 
cross sections of tw'O cylinders 
whose axes are horizontal. The 
upper cylinder, with centre of gra- 
vity G, is free to roll on the rough 
. surface of the lower cylinder which 
is fixed. 

In the position of equilibrium 
G is vertically above the point of 
contact A. Consider a small dis- 
placement in which the upper curve 
roils on the lower bringing the point 
B in contact with B'. 

Let the arc = and let the tangents at B and B' 

make angles hxb and with the common tangent at A. Tlien 
by calculus SsISip — p and S^/St/t' = p', where p and p' are the radii 
of curvature of the upper and lower curves at A. 

Now, when the upper cuprve foils on the lower briitging P> in 
contact with B' it rotates through an angle Si/(+S?+ because the 
tangents at B and 5' which were formerly at aii angle Sds-'i-Si!/ are 
now coincident. Also, by the prineiple of virtual work, G moves 
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horizontally, aird as A is the instantaneous centre of rotation, the 
iiorizontal displacement of is 

ylG'(a0+3^/) . aj where J6'=/z. 

For stable equilibrium this displacement should be less than 
the horizontal distance of from -4, because then the weight 
.acting through G will have an anticlockwise moment about the 
new point of contact B', and wall restore the upper cylinder to its 
former position. If a be the angle between the common normal 
at A and the vertical, the horizontal distance between A and B' 
;is AB' cos a — Ss cos a. Hence the equilibrium is stable if 

h.Ssf Sr cos a, 

\P P' 


or if 


cos a 11 


( 1 ) 


Similarly if (cos a)/A< l/p-f-l/p', the equilibrium will be 
unstable. 


The above considerations also apply when a spherical surface 
rolls on another surface. 

Ex. A rough uniform plank, of thickness 2b, rests horizontally 
on the top of a circular cylinder of radius a. Show that the plank 
will be in a state of stable equilibrium if a>b. Supposing the 
condition satisfied, show that the greatest rolling displacement, for 
which the stability obtains, is given by 
tan d = aQlb, 

Here a=:0, h = b, p= co and p' =a. Applying (1), we see that 
the ec|uilibrium will be stable if 

1/S> 1/a, i.e. if a>i. 

If this condition is satisfied, let us roil the plank thi'oiigh an 
angle B, so that the point of contact 
■.shifts from d to B. Then AB=A'B — a9. 

Let G be the centre of gravity of the 
plank. We sec fi'om the figure that 
stability obtains as long as the vertical 
through G is to the left of B. For the 
greatest displacement G will pass through 
B. In this case 

AB cos 6— A G sin 9—0, ' 

a9 cos 9— b sin 9—0, or a6!b = ta.n 6. 



or 
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Examples 11 

1. A hemisphere rests in equilibrium on a fixed sphere of 
eq u al radius. Show that the equilibrium is unstable if the curved, 
and stable if the fiat surface of the hemisphere rests on the sphere. 

[Roorkee, 1 964]' 

2. A solid consists of a hemisphere and a cylinder, each of 
1 0 inches diameter, the centre of the base of the hemisphere being 
at one end of the axis of the cylinder. What is the greatest length 
of the cylinder consistent with stability of equilibrium when the 
solid is resting with its curved end on a horizontal plane, 

[Aligarh, 1958], 

3. A solid consisting of a cone and a hemisphere on the 

same base rests on a rough horizontal table with the hemisphere 
in contact with the table. Show that the largest height of the cone 
so that the equilibrium be stable is times the radius of the 
hemisphere. [Aligarh, 1965] 

4. A cylinder, of radius a and with axis 0 O' always horizontal, 
can roll down a perfectly rough plane inclined at an angle a to 
the horizontal. The cylinder is eccentrically loaded so that its 
centre of gravity G is distant r from 00'. Show that if r>a sin a, 
equilibrium is possible for two positions of G, and that in each case 
the angle which the plane OO'G makes with the vertical is 

sin"! (asin a/r). 

Show also that only one of these positions gives stable equilibrium.. 

5. A uniform rod AB rests with one end on a smooth vertical 

wall, and the other on a smooth inclined plane, making an angle 
a ^^dth the horizon. Find the positions of equilibrium and discuss 
stalfility. [Allahabad, 

6. A solid right circular cone, of height h and semi-vertical 
angle a, is placed with its vertex downwards in a smooth circular 
hole, of radius a, cut in a horizontal table. Show that if 3A sin 2a 
<16(7, there are three positions of equilibrium of which the one, 
with the axis of the cone vertical, is stable, and that the other two 
are unstable, and if 3A sin 2a >16(7, there is only one position of 
equilibrium in which the axis is vertical, and this position is 
unstable. 

7. A uniform square board, of mass M is supported in a verti- 
cal plane on two smooth pegs at the same horizontal level. The 
distance between the pegs is d and the diagonal of the square 
D>‘\:d, If one diagonal is vertical and a mass m is attached at its. 
lower end, prove that the equilibrium is stable if 

Amd>M{D-U). 
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8. A uniform rod AB of length 2a and weight w is hinged at 

Ai a string attached to the middle point G of the rod passes o ver 
a smooth pulley at C, at a hieght a vertically above A, and supports 
a weight w hanging freely; find the positions of equilibrium and 
determine their stability. [Roorkee, 1965] 

9. One end of a unifom rod AB of weight tc and length I 
is smoothly hinged to a fixed point, while B is tied to a light string 
which passes over a small smooth pulley at a distance a vertically 
above d, and carries a weight Iw. If /< a <2/, show that the 
.'System is in stable equilibrium when AB is vertically upwards, 
and that there is also a configuration of equilibrium in which the 
(rod is inclined at a certain angle to the vertical. [Roorkee^ 1967] 



CHAPTER VIII 

SUSPENDED CABLES 

General considerations. When a rope, 
wire or cable is suspended from two points not in the 
same vertical line and carries a certain distributed load., 
then it assumes a curved form. The shape of the curve 
depends on the manner in which the load is distributed.. 
Electric transmission wires, ropes of suspension bridges, 
etc. are examples of the suspension cables. 

Cables, which are perfectly flexible, offer no resis- 
tance to bending. In such cases the resultant action 
across any section of the cable is along the tangent line 
to the curve formed by the cable. This is so, if we 
assume that the section is small and that the cable may 
be considered as a curved line. A chain, whose links are. 
short and perfectly smooth, behaves like a flexible 
cable. These assumptions will lead to simple formulae- 
for the shape of the cables without any serious error. 

In practice two types of suspended cables are- 
mostly found : the parabolic cable, which carries a 
uniformly distributed load along the horizontal, and 
the catenary which carries a uniformly distributed load 
along its length due to its own weight. These will be 
considered separately in the following articles. 

8‘2. Parabolic Cables. We shall now show' that 
if a flexible cable suspended from two points carries, 
a load which is uniformly distributed along its horizontal 
length, it takes the shape of a parabola. An example 
of a cable carrying such a load is the cable of a sus- 
pension bridge, in which the weight of the roadw^ay 
is uniformly distributed horizontally and in wdiich the- 
W'eight of the cable and ’the vertical tie rods is small 
in comparison with the weight of the roadwmy. In 
practice the wUght of the cable and the tie rods isi 
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assumed to be distributed in the same manner as the 
applied load and added to the latter for design work. 



Let A OB be the curve assumed by a flexible cable, 
which carries a uniformly distributed load iv per unit 
horizontal length, on suspension from two points A 
and B. 

Let 0 be the lowest point of the chain and P any 
other point of the chain whose coordinates referred to, 
horizontal and vertical axes through 0, are {x, y) . 

Consider the equilibrium of the portion OP of the 
cable. The forces acting on it are : 

(i) The horizontal tension Tq at the lowest point 0; 

(ii) The tension T at P along the tangent to the 
curve; and 

(hi) The load carried by OP. As the horizontal 
length of OP is ON, the magnitude of the load is wx- 
and it acts vertically through the middle point of ON. 

Since these forces are in equilibrium they must meet 
at a point C as shown in the figure, and PNC is a triangle 
of forces. Therefore 

WX __ Tn wx _ T 

showing that P lies on the parabola 

x^={2T„lw)y. ( 1 ) 

The tension T at P is given by 

r=v(V+»v). (2), 
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We see that the tension in the cable increases as x 
increases. So the maximum tension occurs at the 
; supports. 

Quite often the two points of support are at the 
.same level. In such cases the depth of the lowest point 
of the cable below the level of supports is called the 
dip or the sag of the cable. The horizontal distance 
between the two points of support is called the spa?i 
of the cable. 


The tension Tq at the lowest point can be calculated 
in terms of the sag and the span of the cable. Thus, 
if B is the point Ji), then sag=ji and span = 2A%. 
Therefore, by (1), 

^ 2:£;(span)2 

- 8(sag) • 

To find the length of the cable, we get from (1) 

^ _ wx 
dx Tq’ 


."SO that 
.and 


"-l!‘ <*' 


If To is large compared to wx^, we can expand the integrand in 
(4) and obtain the approximate formula 


r Pi /'i . j. 


Ex. 1. A suspension chain carries a load uniformly distri- 
buted on a horizontal platform. The load is T5 tonnes per metre 
length of the span of 200 m. and the height of the point of support 
above the lowest point of the chain is 15m. Find the greatest and least 
tensions in the chain, neglecting its weight. 


If an end support (see figure of § 8-2) has the coordinates 
(a'i, j’l), then .Vj = 100 and;;>i=1.5. Therefore , by (1) § 8-2, 
(lQO)2=(2To/|) 15, 

or Tj)= 10000/20 =500 tonnes. 
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This is the least tension. The greatest tension Tj occurs at the 
support and is ■ 

= V ( = V(500®+ 150^) =522*2 tonnes. 

Ex. 2. A cable is hung from the top of two poles spaced 
120 ft. apart on a level ground. The height of one pole is 40 ft. 
and that of the other 24 ft. The cable carries a uniformly dis- 
trilsuted load of 4 lb. per foot horizontally. The cable sags 25 ft. 
below the top of the 40 ft. pole. Compute the tensions at the 
points of support and the 
length of the cable. 

Let AOB be the cable 
and 0 its lowest point. Ref- 
erred to axes through 0, let 
the coordinates of A be 
j!^), and B be (x 2 , j/s) • Then 

== 9, jjg = 25, and % -f-ATa = 1 2 0. 

The equation of the cable is {2TqIw)^, and since A and B 
lie on it, therefore 

x/™(2roHji=(2roM9 and V = (2roM;>2-(2roH25. (1) 

By division, ^ = ~ , 

£l _ £2 _ ^1+^ _ 120 

3 ”5 - 3 - 1 - 5 “" 8 ■ 

Therefore a;j = 45 and X 2 = 75. 

From (1), ro=«;A'i3/2^i=4x452/2 x 9 =450Ib. 

r,i==V{V+M^}=V'(4502-f-1802) =484*6 lb. 
ri? = V{7"o^+M®}=V(4502+3002) =540*9 Ib. 

Length QB of the cable 

= ^£'V(l +<“)'?<. putting 

= +f“) +Uog{«+ V{1 -H’)} Jf 

= 80*4 ft:. 

Length AO of the cable 

M 9 
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= ^°[W(i+*“)+iiog{«+V(i+*'‘)}]“ 

=46*2 ft. 

Therefore the total length of the cable 

= 80-4+46-2 = 126*6 ft. 

8*3. The Catenary. The curve a flexible cord 
or a chain suspended from two points assumes under the 
action of gravity is catenary. If the weight 

per unit length of the cord is constant, the catenary is 
called uniform or common catenary. 

Let ACB be a uniform 
cord, of weight w per unit 
length, suspended from two 
points A and B. Let C be 
its lowest point, and P any 
other point on it. Denote 
the length of the arc CP by 
5, and the angle which the 
tangent to the curve at P 
makes with the horizontal 
byf 

Consider the equilibrium of the portion CP of the 
cord. The forces acting on it are : 

(i) The horizontal tension at the lowest point C; 

(ii) The tension T at P along the tangent to the 
curve; and 

(hi) The weight ws of the cord CP. 

Resolving these forces horizontally and vertically, 


we get 


Tcos i^= To, 

■ . (1) 

and T sin tjj=^ws. . 

Introduce another constant c, where 

■ • (2) 

Tq — wc. 

. . (3) 

Then, from (1) and (2) by division. 


s — c tan ifs. 

• . (4) 


This is the intrinsic equation of the catenary. 
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To obtain its Cartesian equation, we see that 

. . . (SI 

This gives on integration 

If we take ;^ = 0 when s 5 - = 0, theii \4 ==0. Therefore 
= r sinh"^ {s/c), 

or ~=sinh'^. ... (6) 

From (5) and (6), we have 

dy ' . , X 
= sinh - , 
dx c 

which gives on integration 

y = c cosh {xjc) -\-B. 

If we take the origin at a distance c below the lowest 
point of the cord, the constant of integration B will 
be zero, and the equation of the catenary will be 

j) = c cosh (x/c). . , . (7} 


8*3i. Befimtions and Properties. The constant c occur- 
ring in. the equation of the catenary is called the parameter of the 
catenary and determines its size. The lowest point C is called 
the vertex of the catenary. The horizontal line at a distance c 
below the vertex is called the directrix the catenary. With the 
axes chosen above, the a:- axis is the directrix. 

The terms *'spaiT and ‘sag’ are used in the sense defined earlier 
for the catenary also. 

We shall now obtain some useful relations for the common 
catenary. If ■>> is the ordinate drawn to the directrix from any 
point, we have, from (7) 

jj )2 _ ^2 cosh“ = 6'^ ^ 1 Tsinh^ == ^1 by (6), 

i.e. y^=c^y-s\ 
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Since s~c tan this also gives 

j==csec iff. . . • ( 9 ) 

The tension T at any point P is given by 

=wy. . . . (iO) 

If the tW’O points of suspension, A and B, are at the same level, 
and if the coordinates of J? are the span is 2 a:i, and the sag 

8*32. Approximations to the common catenary. The 
equation of the catenary is 

j=^cosh^=.[i+L(?)"+^^y+...]. 

Uxjc is small, the series on the right can be limited to the first 
tvvo terms, and the equation approximates to 


; 

y=‘+2c- 


( 11 ) 


This shovv^s that as long as x is small compared to c, the curve coin- 
cides very nearly with a parabola. This is so when a light cord 
is tightly stretched between two points, because in this case w is 
rsmall while is large, and c being equal to T^jw is also large. 
Examples of such a case are electric transmission wires and tele- 
•graph wires stretched between poles. 

In this case, the sag 

=j.-c=xi^l2c. 

As c is very large, the sag is small, and the tension in the cord re- 
mains very nearly equal to Tq throughout. 

The problems on tightly stretched light cords can also be 
tackled with the formulae of § 8'2. 

Ex. 1. A telegraph line is constructed of No. 8 iron %vire 
wdiich w'eighs 7*3 lb. per 100 ft.; the distance between the poles is 
150 ft. and the wire sags 1 foot in the middle. Show that it is 
•screw^cd up to a tension of about 205 lb. wt. {Allahabad, i 964] 

Since the wire is light and the sag is small therefore the cuive 
■of the wire approximates the parabola _y=tf-fx2/2c. The sag 

It is given that ft., and Xj, — 75 ft. Therefore 
l = 752/2r or 752/2. 

‘The horizontal tension 

7^3 752 
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Ex. 2. If the ends of a uniform inextensible string of length t 
lianging freely under gravity slide on a fixed rough horizontal 
rod whose coefficient ol friction is fj,, show that at most they can. 
rest at a distance 

[j,l loge ^ [Jabalpur^ 

Let AB be the maximum span. In this position the ends A 
and 5 are in the state R 

of limiting equilibrium, 
and the frictional force 
developed = p.R. The 
resultant reaction ^ S 
makes an angle A with 
the vertical (where tan A 
= ja). This total reac- 
tion. S must be equal _ O 

and opposite to the tension of the cord at A for equilibriumj i.e.,. 
it is tangential to the curve at A. Therefore for A 

tan ?/ri = c tan (90— A) =rcot A=r//i. 

But = therefore |-^=r//x, or c = l{il. (1) 

To find the span we note that 

Si — csmh.{xjc), 

or Xj_ = c sinh-i {sj c) = l/z/ sinh“i ( 1 //t) 

=i^nog|i-i-d(i+^,)}. 

Hence the span .<45 = 2xi 

=j^nog 

Ex. 3. A cable of length 60 m. and weighing 3 kg. per metre 
is suspended from two points in the same horizontal plane. The 
tension at the point of support is 400 kg. Find the sag and the 
distance between the two points of support. 

Let (Ay. 5y) be the coordinates of one point of support, (see figure 
of § 8-3). Then, by (10) § 8-32. 

Tj == or 400 = 

= 400/3 = 133-3 m. 

Since = therefore 

(400/3)2 =r2+(30)2, 

or r = v/{(400/3)2-(30)2}= 129-91 m. 

Sag=ji-r = 133-33- 129-91 = 3-42 m. 

Since _>y = r cosh (Ay /r), therefore 
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] 33*3 = 129*9 cosh 


x-i 


133*3 , 

\129*9 129*9 ^°^^129’9’ 

or cosh (xj 1 2 9*9) = 1 *0263 = cosh *2289 (from tables) . 
Therefore = 129*9 x *2289 = 29*54 m. 

Hence the span of cable =2Ari = 59*08 m. 

Ex. 4. A cable is hung 
from two points A and B, 250 ft. 
apart horizontally, and the 
support B is, 75 ft. lower than 
the su-pport A. The cable sags 
•so that its lowest point is 25 ft. 
below the lower support. The 
cable weighs 4 lb. per foot. Find 
the tensions at the points of 
support and the length of the 
cable. 

Let c be the parameter of 
the cable, then the coordinates 
of.4 are (-rj, r+100), and of B are (a'i— 250, r-f25). 

The equation of the catenary is 

y=ccosh-, or A:=ccosh~^-, 

Putting the coordinates of A and B in the latter equation, we have 

K- 



y=cosh-i{l+i^). 


and 


250- 


= cosh' 


Adding these, we get 
250 




cosh-i ^i^+l)+cosh-i ( 7 + 1 ). 


or .?:=cosh ^ (14-'4^)-4-cosh ^(l+*i^), 

where z — 250 jc. It is now requh'ed to find the value of z which 
will satisfy this equation. By trial it is found that .?:=i*65 appro- 
ximately. 

[coslri(l -f *4^) +cosh-i(l +-1.?) = cosh-Hl *66) +C03lri(l*165) 

; =i*09-!-*565 = 1*655]. 

Therefore c = 250/^ = 250/1 *65 = 1 5 1 *5 ft. 

j|;i=c+100= 151*5-f-100=251*5 ft. 
jj»2=c+ 25 = 151*5-1-25=176*5 ft. 
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Since !F=2:£^, therefore ■ . ' 

r4=4x251*5 = 10061b. 
r5=4x 176*5 = 706 lb. 

Since = r®4- therefore 

= y'{(251*5)2_(151*5)2} = 200*7 ft. 

^2 = V(J’2®-c 2) = V{(i 76*5)2- (151 *5)2} = 90-5 ft 

Hence the length of the cable =^1+^3 = 291 *2 ft. 

Examples 13 

1. Find the tension at the lowest point of the cable of a sus- 

pension bridge whose weight is 150 tons, evenly distributed over 
a sp an of 120 feet. The depth of the lowest point of the cable is 
15 feet. [Allahabad, 1965] 

2. In a suspension bridge of 150 metres span and 15 m. dip, 
the w'hole weight supported by the tw'O chains is 6 tonnes per hori- 
zontal metre. Find the horizontal tension in each chain and the 
tensions at the points of support. 

3. A suspension foot-bridge is 40 m. long and 1^ m. wide 

and carries a load of 640 kg. per square metre of the floor area. 
It is supported by tw'o cables w^hich have a sag of 5 m. Find the 
maximum stress in each cable and the length of each cable bet- 
ween the supports. [U. P. E. S,, 1964] 

4. Each cable of a four cable suspension bridge has a span 
of 240 feet and a sag of 30 feet. At each pier there are four stays, 
making 40° wdth the horizontal, which relieve the pier of all hori- 
zontal pull. The roadway and the bridge structure weigh T2 
tons per horizontal foot. Find the tension in each cable at the 
support, the tension in each stay and the vertical load on the pier. 

[Bamras, 1 954] 

5. A cable is strung between two supports, one of which is 

10 m. higher than the other. The sag, measured from the low'er 
support, is 5 m. and the horizontal distance between the supports 
is 100 m. If the cable supports a uniformly distributed horizontal 
load of 60 kg. per metre, determine the tension at each support 
and the length of the cable. [f/. P. E. S., 1964] 

6. A telegraph wire has a span of 30 metres and sags 15 cm. 
in the middle. Find the tension at the ends of the wme if it 'u-eighs 

kg. per meti'e. 

7. A 100 loot steel tape is stretched tightly in measuring dis- 

tances. What must be the approximate tension in the tape that 
the error in measurement shall not be more than 0*1 inch in each 
hundred feet measured? [Banaras, 1965] 
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8. A trolly mre is carried on poles round a curve of 400 metres 
radius. The poles are 40 metres apart and in the middle of each 
span the wire sags 15 cm. below the points of support. If the 
wire weighs 800 g, per metre find the resultant pull on each pole, 

9. A uniform chain AB of length / is suspended from a fixed 

point A. The end 5 is pulled horizontally by a force equal to the 
weight of a length a of the chain. Find the horizontal and vertical 
distances betw'een A and .B. {Roorkee, 1954] 

10. A uniform cable is 100 metres long and weighs 2*5 kg. 
per metre and is suspended from two points in the same horizontal 
plane so that the tension in the cable shall not exceed 600 kg. 
Find the maximum span of the cable and the corresponding sag. 

11. A kite is flown with 600 feet of string from the hand to the 
kite and a spring balance held in the hand shows a pull equal to 
the weight of 1 00 feet of the string, inclined at 30° to the horizontal. 
Find the vertical height of the kite above the hand. 

[Allahabad, 1965] 

12. A boat is tied by a uniform chain 20 feet long, one end 
of which is attached to the boat B and the other end to the top 
of a post A, A being 12 feet higher than B. The stream exerts 
a force of 7| lb. wt. on the boat and the chain has a mass of | lb. 
per foot; show that the distance of B from the vertical through 
A is 

SOlogefft. [Banaras, 1965] 

13. A heavy uniform string 90 cm. long hangs over two 

smooth pegs at different heights. The parts wfliich hang vertically 
are of lengths 30 and 33 cm. Prove that the vertex of the cate- 
nary divides the whole string in the ratio 4 : 5, and find the 
distance between the pegs, [Jabalpur, 1959] 

14. A chain of length 1 70 feet and total weight 255 pounds 
has its ends attached to two supports and hangs freely trader its 
own weight. The tension at one support is 240 pounds and at 
the other 270 pounds. Find the equation of the curve in wdiich 
the chain hangs and the coordinates of the points of support. 

[Banaras, 1964]. 

15. A uniform chain of length 2^ is hung from two points A 
and B on the same horizontal line, the slope at either of these 
points being d is the sag at the middle point. Prove that 

tan 4^ _ secF— 1 

^ Tq ^ 

where Tq is the tension at the lowest point, and w the v/eight per 
unit length of chain. [Roorkee, 1966] 

16, A telegraph w'ire is made of a given material, and such 
a ienstli I is sti'etched between two posts, distant d apart and of 
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the same Iieight, as will produce the least possible tension at the 
posts. Show that I— {djX) sinh A, where A is given by the equation 
A tanh A=L [Aligarh, 1957] 

17. A telegi'aph wire of length I hangs between two posts 

on the same level, at a distance a apart, the small sag at the centre 
being b. Show th&t I— a— Sb^jSa, nearly. [Roorkee, 1956] 

18. Show that the length of an endless chain which will 
hang over a circular pulley of radius c so as to be in contact wiih 
two-thirds of the chcumference of the pulley is ■ 

r 3 , 4rn 

qiog(2+V3)+ 3 J- 

19. A Uniform cable of weight W is suspended from two 
points at the same level and a weight Wi is attached to its iowe.st 
point. If a and /5 are now the inclinations to the horizontal of 
the tangents at the highest and the low^est point, prove that 


W __ tan g— -tan j8 
Wi tan ^ 


[Banaras, 1 953]; 


20. A uniform chain, of length 21 and weight W, is suspended 
from two points A and B in the same horizontal line. A load P 
is now hung from the middle point D of the chain and the depth 
of this point below AB is found to be k. Show that each terminal 
tension is 


i[p\+w. 


2hl J' 


1 


[Jabalpur, 19571: 


CHAPTER IX 


ELASTICITY 

9T, Stress and strain. So far we have been 
considering rigid bodies which do not change their 
shape or size on the application of forces. But in actual 
practice the bodies in nature are not rigid. They 
undergo a slight deformation when acted upon by 
forces. If the body recovers its former shape when the 
forces are removed, it is called an elastic body. If it 
does not recover its former shape on the removal of the 
forces it is in plastic state. Most of the solid bodies in 
nature are elastic to a certain extent of deformation. 
For larger deformations they turn into the plastic state. 
Steel and rubber are examples of substances which are 
elastic within large limits of loading, while a substance 
like putty is plastic from almost the initial stages. 

The deformation of a body per unit of its length 
is known as strain. The simplest type of elastic defor- 
mation is a uniform extension in which each element 
undergoes the same strain and is extended in the same 
ratio. An example is that of a light steel wire fixed 
at one end and with a weight suspended from the other 
end. If I is the natural length of the wire and a: the 
extension then xjl measures the tensile strain. 

A reverse type of deformation is obtained when a 
rod of length I is subjected to compressive forces parallel 
to its length at the two end faces of the rod. If .r is the 
compression then xjl measures the compressive strain. 

When a body is acted upon by external forces, 
internal forces at all points within the body are called 
into play to resist and to balance the applied forces. 
If we draw a plane at a point in the body, then the 
magnitude per unit area of the internal forces acting 
on this plane is known as stress. 
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For example, if an imagiisiry section of a rod 

AB under com- ____ 

pression is taken ^ “'^ L— . . • 3. ....Ir ^ 

perpendicular to ^ C c B 

its length at C, then internal forces of total magnitude F 
will act at C to keep the two portions in equilibrium. 
If a be the area of the section at C, then the stress on 
this section is F/a. 

Consider now a rectangular block ^5Ci) whose 
face BC is fixed. Let a 
force F, parallel to AB, 
be applied to the face AB. 

Then this force will cause 
the rectangular block 
ABCB to distort to the 
shape A'BCB'. Such a 
deformation is known as 
shear. The deformed section A'BCB' is a parallelo- 
gram and AA' = BB'. The shearing strain 
= AA'jAB = t 2 in{ABA') = angle ABA', 
since the strain is small. 



j If we divide the block by any section XX parallel 

1 to AB, the internal forces acting on this section for 
j each part will be forces parallel to XX of total magni- 
i tude F, that on the upper part being in a direction 
i opposite to P w^hile that on the lower part being in the 
j same direction as P. The magnitude of these shearing 
• stresses are given by P-^the area of the face AD. 


9*2. Hooke’s Law. The relation between the 
stress and the strain for elastic bodies was first given 
by Robert Hooke and is known as Hooke’s lawL It 
states that w ithin certain limits the stress is proportional 
to the strain. The constant of proportionality is known 
as the modulus of elasticity. Thus if a bar of cross 
section a and length is subjected to a tension (or 
compression) P, and the extension (or compression} is 
X, then 
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where E is called Toun£s modulus of elasticity for the 
material of which the iiar is made. 

Similarly, if the force P acting along the face AD 
of a block ABCD produces a shearing strain and if 
a is the area of the face AD, then 

a 

where G is called the modulus of rigidity for the material 
of which the block is made. 

9‘21. Stress-strain diagram, if a steel bar be subjected 
to a gradually increasing tension and 
the stresses and the corresponding 
strains be measured, a curve of the 
form OETU will be obtained on plot- 
ting them on a graph. 

It will be found that from 0 up 
to a point E, the graph is a straight 
line. Hooke’s law is valid in the 
range OE, and the stress is propor- 
tional to the strain. The stress at 
the point E is called the elastic limit. 

Shortly beyond E: is the yield point 
T after which the plastic stage sets in. 

The portion ET" is slightly curved, but 
beyond T the curve is nearly horizontal and there is a considerable 
increase of strain for a small change in stress. If, after reaching a 
point jV' beyond the yield point the load is slowly removed, the 
point on the graph will trace a line JVM practically parallel to OE. 
The residual strain OM which does not disappear on the complete 
removal of the load is called the permanent set. 

After reaching a point X/", the strain increases without the 
addition of further load and the piece begins to flow and breaks. 
The stress at the point 1/ which causes the failure is called the 
ultmate strength of the material. 

The greatest stress an engineering structure is likely to be 
subjected to is called dae. working stress. For strength and durabi- 
lity the working stress should be kept well within the elastic 
limit for the materials of the structure. The ratio of the ultimate 
strength to the working stress is called the factor of safety. 
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The choice of a suitable factor of safety is largely a matter 
of experience and judgement and depends upon the nature of 
the load and the reliability of the material. For instance, the 
factor of safety for brittle materials like, cast iron is larger than 
that for elastic materials. It is also larger for a dynamic load 
than for a static one. 


The values of the elastic limit, ultimate strength, and modulus 
of elasticity for a few materials are given below. 


Material | 

Ultimate strength* Ib./in.^ j 

Tension Compres-| Shear 
sion 1 

Elastic 

limit 

Ib./in.s 

uoYng’s 

modulus 

Steel 

Cast iron 

Wrought iron 

Wood (along grain) 

60,000 

30.000 

50.000 
9,000 ’ 

60,000 

90.000 

40.000 
6,000 

50,000 
[ 20,000 

1 40,000 

1 1,500 

30.000 
6,000 

25.000 
3,000 

30x10® 

15x10® 

128x10® 

Il5xl0® 


9*22. Extension of Composite Bars. If a bar of length I 
and cross-sectional area a suffers an alteration x in length under 
the action of a load P, acting normal to the cross-section, then, 
Stress = P/a and strain =.v//, 

whence 
or 

If the bar is a composite one, made up^of two bars of different 
materials firmly united at the two ends, the component bars suffer 
the same alteration in length under the action of load P. 

Let aj and be the cross-sectional areas of the two bars, 
P. and Eq their Young’s moduli, and Pj and Pg the parts of the total 
load carried by them respectively. Then, we have 



But Pj.-{-P. 2 ~P, therefore 


„ ^ , Po „ a; 

=£1 j- and —E^j. 
t Oo I 


. ^ 


Ex. 1. A wrought iron bar 3 metres long is 2 cm. in diameter 
for 75 cm., 1*5 cm, in diameter for 1 metre and 1 crn. in diameter 
for the remainder of its length. This bar is in tension and the 
stress in the smallest section is 900 kg./cm,® Find the total elonga- 
tion of the bar if £=2x10® kg,/cm.® 


* To obtain the values in metric units (kg./cm,“) divide the 
tabular values by 14. 
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Let/i and /a be the, stresses in 2 cm. and 1*5 cm. diameter 
sections respectively, and ,aj^ -ag, ag. the cross-sectional areas of the 
three sections. Then 


/i = 


and 


03X900 900x1 

oi ~ 22 

900x1 


=225 kg./cm.2, 


. agXOOG 900x1 , „ 

=™_=400 kg./cm.2 


Let.ri, ^2 and .'Tg be the elongations in 2 cm., 1*5 cm. and 1 cnn 
diameter sections; then from the formula x—fljE, we get 

^^^X ^5 = 0*00844 cm,, 


“ 2xl0« 
400x100 
" 2 x106 
900x125 


0*02000 cm., 


= 0*05625 cm. 


^2-* 2x106 
Total elongation =a'j-|-A' 2 +a ;3 = 0*847 mm. 

Ex. 2 . The cover plate of a cylinder of 1 2 inches inner diameter, 
is held by eight equally spaced wrought iron bolts near the outer- 
edge of the cylinder head. If the maximum pressure in the 
cylinder is 150 pounds per square inch and if the maximum work- 
ing tensile stress in bolt should not exceed 5000 pounds per square 
inch, show that the diameter of the bolt should be | inches. 

Find the shearing Stress in the head of each bolt if the thick- 
ness of the head is f inches. 

The maximum total Ibrce on all the 
eight bolts = the area of the cylinder X 
pressure = 7r X 6*2 x 150 lb. 

force P on each bolt =4 (36 

= 6 757rlb. 

If d be the diameter of the bolt and ft 
the tensile stress in it, then 

P = -W% or 6 7577 = 1^2.5000, 
whence ^f= V'{(675x4)/5000} = *735". 

Hence in round terms the diameter is | inches. 

Let /s be the shearing stress in the head of the bolt, then 
P=Trdt.f^, 

or 6757 r= 7 rXf X|x/s, 

or /3 = (675 xl6)/9 = 1200 lb./in.2 
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Ex. 3. In the frame, given below^; the members AC and BC 
are of wrought iron and they make a.ngles 45° -and 60° with the 
vertical. A load of 5 metric tonnes is sus- 
pended from the joint C. Find tlie cross- 
sectional areas of members and BC taking 
the factor of safety as 5. 

Let S be the compression in AC. and 
T the tension in BC. The point C is- in 
equilibrium under the action of the forces 
5 tonnes, d" and Ti By Lami’s Theorem 
r ^ 5 

sin45° ~sm60° ~sin 105°* 

_ 5X-707 

T = — — = 3’68 tonnes, 

, 5 X *866 . _ ^ 

and o = — 7 ^FF~ = 4*5 tonnes. 

*966 

For the member BC which is in tension the ultimate strength 
is 50,0004-14 kg./cm.2 (from the table on p. 141). Hence, the- 
working stress for it = i(50, 000-4-14) = 714 kg./cm.^ Therefore- 
the cross-sectional area of 7?C is given by 

3’68x 1000 = aiX 714, or aj^ = 5’15 cm.^ 

Similarly for the member AC in compression, the working stress- 
=4(40,0004-14) =571 kg./cm.® and the cross-sectional area is 
given by 

4‘5x 1000=03X571, or a2 = 7'88cm.2 

Ex, 4. A reinforced concrete column is 10 inches square. 
The principal reinforcement consists of 8 longitudinal steel rods 
placed along the edges of the column, each of diameter f inches. 
The load cairied by the column is 40 tons. Determine the com- 
pressive stresses in the concrete and in the steel, assuming that: 
the moduli of elasticity for the concrete and steel are respectively 
3x106 and 30x1 O'* lb. /in.2 

Let fc and/g be the compressive stresses and Ec and Eg the 
moduli of elasticity for the concrete and the steel respectively.. 
Since the strain is the same for both, therefore 



I 


fi — 

'E~s~ 


~ whence '^ =^=10, 
Be jc Be 

A J^ = lQ/c. 


The cross-sectional area of steel 


= a3 = 8 X Jtt# = 277 X (1)2 = 3*53 in.2 
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’The cross-sectional area of concrete — 1 00---a5 = 96’47 in.® 
•Total load = 4-ac/c==40x2240, 

.or 3-53xlO/c+96-47/c = 40x2240. 

^ 40 x2240 , 

■^' = 3T3+96^ = ®®® 

/, = 10/c = 68001b./in.2 

9*3. Torsion. Suppose a bar of circular cross- 
:section, fixed at one end, is t-wisted by a couple of 
moment T, applied at its free end, the axis of the 
couple coinciding with 
the axis of the bar. 

The effect of the 
couple is to give a 
twist to every section 
of the bar perpendi- 
cuiar to the axis. If 
the bar is stressed 
within the elastic- limit, 
this twist increases 
uniformly from zero 
at the fixed end to 
an angle, AOA'=:0 at the free end. A line BA, origi- 
nally parallel to the axis, takes the position BA' after 
twisting. The angle 6 through which the free end ro- 
tates due to the applied couple is called the angle of 
Mist, 



Because of the twist every element of the bar under- 
goes a shearing strain. Due to this strain shearing 
stresses develop on the cross-section of the bar, which 
balance the applied torque. We shall now calculate the 
moment of the shearing forces acting over a cross-section. 

Due to the twisting, an element ABCD at the sur- 
face of the bar undergoes a shearing from the position 
ABCD to the position A'BCD' . The shearing strain 6 

- LABA' = AA'IAB = Rdjl, (1) 

where R is the radius and I the length of the bar. 
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Similarlyj for a parallel element 
inside the bar, at a distance r from 
the axis, the shearing strain 

= CCIAB = reiL 

The shearing stress on the cross- 
section of this element is 

GrdjL ... (2) 

The force causing this stress is 
(G'r^//)a, where a is the cross-sectional area of the ele- 
ment. The moment of this force about the axis 



= {GrWll)a, 

Therefore, if we take all the elements whose cross- 
sections lie on the elementary ring of radius r and 
width Br, the moment of the shearing forces 
= iGr^dll)27rr8r. 

Summing up for all such rings the total moment of the 
shearing forces 

= f (Gr20//)27rrdr dr 

Jq ^ * •'0 

^\7rGdR% (3) 

This moment must be equal to the moment T of the 
applied couple. Hence 


T=^\-nGeR% (4) 

Ify^ is the shearing force at the surface, then by (1) 
fs-^GRBIL ^ (5) 

We see from (2) that the maximum shearing stress on 
a cross-section occurs at r = i2, and isj^. 

The quantity 

f ^ _ 27rr dr, i.e, IrvR^ 

'•' 0 , ' 

is known, as the moment of inertia of the circular section 
(see Part 11) and is denoted by /. In terms of I the 
relations (4) and (5) may be written as 

ir-R- r 


( 6 ) 
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Corollary. If the bar is a hollow cylinder of 
inside radius and outside radius then instead of 
(3) the total moment of the shearing forces is 

\\Gr^eil)2-nrdr=\wG6{R^^--R^^)ll. 

JiJl 

Since in this case 

I=\‘‘^r^.27rrdr = \7r{R^^~R^^), 
the formula (6) still holds. 

Ex. 1. A steel wire, 1‘5 m. long and I cm. in diameter, twists 
10° when a twisting moment of 60 kg-cm. is applied to its free 
end. What twisting moment will be required to twist a steel 
wire 1 cm. in diameter and 60 cm. long through 5°. 


Applying the formula T—^ttGOR^II to the first wire, we get 


60 = i.G(^)(^yi50. 

(1) 

Applying it to the second wire, we get 



(2) 

Dividing (2) by (I), we have 


I=fi?YlVl^=20 

60 \i5)\2) 60 



or T'= 1200 kg-cm. 

Ex, 2. Find the diameter of the shaft, required to transmit 
40 horse-power at 300 r. p. m. if the maximum stress is not to 
exceed 9000 lb. /in,® 

The angular velocity = (300/60)2'n-=i07r radians per sec. 

As the horse-power transmitted is 40, the work done per second 
= 40 x550 Ib.-ft. 

This is equal to the product of the twisting moment T and the 
angle described in one second. Therefore 

_ 40x550 40x550x7 

“ IOtt " 10X22 

= 700 Ib.-ft. = 8400 Ib.-in. , 

The maximum shear stress jfs occurs at the surface. By 
formula (5) 
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Therefi^re 8400 = 9000, 

or i? == (84 X 2/9073-) 0-84 inches, 

and the required diameter =1-68 inches. 

Examples 14 

1. The diameter of the piston head of a steam engine is 
35 cm. and of piston rod 6 cm. If the engine is working under a 
steam pressure of 7 kg./sq. cm. what is the maximum coinpre.ssive 
stress in the rod ? 

2. How much will a 30 metre steel tape 1 cm. wide and | mm., 
thick stretch under a pull of 30 kg. ? 

3. A hollow cast iron column 10 feet long has an outside 
diameter of 1 0 inches and the metal is 1 inch thick. Find the 
amount by which the column will be shortened when axially 
loaded with 50 tons. £■=: 8,000 tons per square inch. 

[Roorkee, 1962] 

4. A mild steel rod, 6 m. long, is hung vertically from the 
ceiling. It has T5 cm. diameter for the first T5 m. of its length 
from the top, 2 cm. diameter for the middle 2 m. length, and 2‘5 cm, 
diameter for the lowest 2 '5 m. length. Find the largest weight 
which can be suspended from the lower end of the rod so that the 
stress in arty of its transverse sections does not exceed I ”25 metric 
tonnes per square cm., determine the magnitude of the weight and 
the total elongation of the rod. Neglect the weight of the rod. 
Take E (modulus of elasticity) =2200 tonnes per sq. cm. 

5. A 12 ft. long concrete column having a square cross- 

section of 1 ft, side is reinforced at the corners by 1 inch steel rods. 
If E for steel is 12000 tons per square inch and that for concrete 
800 tons per square inch, find the load taken up by steel out of 
a total load of 20 tons on the column. What is the contraction 
in the column due to the load ? [Allahabad, 1965] 

6. A steel tube 3 cm. internal diameter, 2*5 mm. thick and 
4 rn. long is covered and lined throughout with copper tubes 2 mm. 
thick. The three tubes are firmly fixed at their ends. The com- 
pound tube is subjected to tension and stress produced in steel 
tube i.s 600 kg./sq, cm. Determine the stress in copper tube? 
and the total load carried by the compound tube. £■ (steel) =2*1 X i 0®- 
kg./sq. cm., Fi/coppei') = T1 X 10® kg./sq. cm. 

7. In a shaft coupling the radius of the bolt circle is 6'', 

and there are 6 bolts, each of 1” diameter. If the permissible 
shear stress is 4000 lb. per sq. in. what horse-power can be trans- 
mitted at lOOr.p.m. ? [Banaras, 1955] 

8. The shell of a cylindrical boiler is 6 ft. in diameter and 
the plates are inch thick. It is Subjected to an internal fluid. 
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f IK qn in If the plates on test show an ulti- 
■pressure of 160 lb. in., what is the factor of 

mate tensile strength of 30 tons per sq. , ^Banaras, 1959] 

•safety allowed : 

[Hint. If T is the tensile stress in the 
plates and P (=160) the pressure on them 
then considering an elemenrof surface of 
length 1 inch and width radius of 

:sheli==36”), we have 

P . aAi=2T{%) sin (JdS) =tT.d«. 

•which gives T.] 

9. Find the pitch of a single-rivetted lap joint for platp 
1-2 cm thick and rivets 2*2 cm. in diameter. The safe stresses in 
tension' and shear arc 700 and 560 kg. per sq. cm. respectively. 
"What is the efficiency of the joint ? 

[Hint. The pitch is found from the 

condition that the shearing stress in the 
rivets and the tensile stress m the plate 
between two rivets reach the maximum 
safe value at the same time. Thus, if/) is 
•the pitch and d the diameter of the rivet, 
both in cm., we have 

(i-ir^f2)(560)=|(/)-d)(700). 

'This <yivc& p. The efficiency is the ratio of the total load the joint 
•can carry to the load a plate of the same width (without a joint) 
.could carry. Here, efficiency 

=:-|(p~d)(70G)/{|/)(700)} 

= (/— d)//) = etc.] 

10 Calculate the diameter of a line shafting required to 
transmit a torque of 5000kg-cm., if the shearing stress is not allowed 

to exceed 600 kg. per sq. cm. 

11 Find the theoretical diameter of the shaft necessary to 

transmit a twisting moment of 30 inch-tons, if the maximum shear 
rstress is not to exceed 9000 lb. per sq. in. [Panjab, 19a8] 

12 Two lengths of shaft, each of 5 cm. diameter, are connec- 
ted by a flanged coupling whose 4 bolts have their centres on a 
•circle concentric with the shaft centre and 20 cm. diameter. Allow- 
ing a shear stress of 600 kg./cm.^ in the shaft what is the twisting 
mSmeiit that can be transmitted ? What is the size of bolts it the 
■safe shear stress in them is 350 kg./cm.^ ? 

13 A solid cii-cular shaft has a diameter of 5 inches and 
iTuns at 300 r.p.m. Determine the horse-power transmitted by 
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the shaft if the maximum allowable stress is limited to 9000’ 
Ib./in.® 

Calculate the twist, in degrees per foot length of shaft, when 
it is transmitting the power determined above. Take the modulus 
of rigidity of the material of the shaft as 12 XiO** ib./in^. 

1958] 

14. A hollow steel shaft, external diameter d, internal diameter 

|r/ is subjected to pure twisting, and transmits 8000 horse-power 
at a speed of 120 r.p.m. Taking the maximum shear stress at 
9000 lb. per sq. inch, find d. [Allahab fid, 1964:] 

15, A single propeller shaft of solid circular section, 20 in. dia- 

meter running in a vessel at 180 r.p.m., is to be replaced by two 
shafts of hollow circular section, these being equal in diameters 
and running at 1,000 r.p.m., but developing 60 per cent more 
horse-power. The internal diameter of each new shaft is to be one- 
half of the external diameter. Find the external and internal 
diameters of the new shafts if the maximum working stress in 
these shafts may be taken as 25 per cent greater than the same in 
the old shaft. [Banaras, 1 959} 

9*4. Beams and bending. A bar subjected tO' 
external forces which have components normal to the 
bar is called a beam. The normal components of the 
external forces induce a bending of the beam. Quite 
often in practice the beams are horizontal, and the 
external forces are the vertical weights of various loads 
and the reactions at the supports. In the present 
chapter we shall consider only straight beams of 
uniform cross-section. We shall further suppose that 
the beams are horizontal and the loads acting on them 
are vertical. 

A simple case of bending is that of a beam restingy 
on two supports at its ends and loaded by a weight 
W at its middle point. After bending the beam will 
be convex downwards, and any two lines CC' and DD'' 
originally vertical and para- 
llel, will no longer be parallel. 

It will be found that due to 
bending C'D' will get con- 
tracted and CD will get 

extetirlpr! 
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also, some elements of the beam get contracted and are 
in compression while others get stretched and are in 
tension. Some elements in the middle will be neither 
compressed nor stretched. The surface containing 
all such elements which are unaltered in length due to 
bending is called the neutral surface of the beam. 

When investigating the forces in a beam, the first 
step generally is to determine the reactions at the sup- 
ports. This can be done by the methods of chapter III. 
The two types of beams commonly met in practice 
are the simply supported beam and the cantilever 
beam. A beam is said to be simply supported when it 
rests on two supports in such a manner that the reactions 
at the supports are normal to the beam. A cantilever 
beam is built in or fixed (in a wall or to another part 
of the structure) at one end and is free at the other 
end. The reaction at the fixed end consists of a 
normal reaction and a couple (see Ex. 2 p. 39). 

9*5. Skearmg Force and Bending Moment. 
Consider a beam AB supported at the ends and carry- 
ing a number of loads at distances • 

from the end A. Let and be the reactions of 
the supports. Then Rj^ and R^ can be found from the 
condition of ecjuilibrium of the beam. 


Take a section of the beam at C distant .a? from /I, 
and consider the equilibrium of the part AC. This 
will be under the action of the external forces Rj^, U\, 
ITa and the inter- 
nal forces at C 
exerted by the 
part CB on the 

part-^C. r! W W si 1 iRi 

Since the al- 
gebraic sum of the 

vertical upward external forces on AC is 

R^--W^r-W^, 


AT 


1 

f 

1 
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Again, since the algebraic sum of the moments 
of external forces about C in clockwise direction is 

R^x — — W2{x-- a^) , 

there must act at C a couple of the above magnitude 
in the anticlockwise direction. The action of CB 
on AC thus consists of a vertical force together with a 
couple. The latter arises due to longitudinal com- 
pression and tension in the upper and lower layers 
of the beam respectively. 

The vertical force acting at C (which is the resultant 
of the tangential forces on the cross-section) is called 
the shearing force at C; and the moment of the normal 
forces on the cross-section is called the bending moment 
at C. We shall denote the former by S and the latter 
by M, 

The conditions of equilibrium of the part AC give 

... ( 1 ) 

— the algebraic sum of the transverse components 
of the external forces acting in the upward 
direction on the part AC of the beam; 

M=^R^x-Wfx-~a^)~Wfx-a^) . . . (2) 

= the algebraic sum of the moments in the clockwise 
direction of the external forces acting on the 
part AC of the beam. 

Since the action and reaction at C7 are equal and opposite, 
therefore the shearing force and the bending moment at C may 
also be calculated from the part CB of the beam, only the signs 
should be reversed. 

^■Ve shall take the shearing force in upward direction and the 
bending moment in the clockwise direction as positive when they 
are acting at the left end of a member. When they are acting 
at the right end, the opposite directions will be taken as positive. 
The figure above show’s the positive directions of iS* and M acting 
on AC and CB. 

We see from (1) and (2) that 

S^dMjdx. 

An indenpndpnt flpi-i'.rntirjn nf tUio vMnlf TArill ... .U., A- 
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The manner in which the shearing force and bending moment 
vary from point to point along a beam is usually shown by drawing 
shearing force and bending moment diagrams beneath a sketch 
of the beam, as in the following examples. 

Ex. 1. Draw the sheai’ing force and the bending moment 
diagrams for a simple beam of length I feet when 

(i) carrying a load IV pounds at its middle point; 

[i?oorte, 1962] 

(ii) carrying a uniformly distributed load of w pounds per 

foot. [Allahabad, i 965] 

In each case find the maximum j \/y 

bending moment. 

A simple beam is a beam simply 1 
supported at its ends. Take the 
origin at the left end. 

(i) The reactions of the supports 
are 

For 0 <a;<|/, the only external 
force on the left portion is the reac- 
tion! IT. Therefore B.M. diagram 

(a) 

M==lWx. 

For \l<x<l, the external forces acting to the left of x are the 
upward reaction | IT at 0, and the downward load W at x — iL 
Therefore 

5=!IT-IT=-!1T, 



The above values of S and M 
are plotted in the shearing force 
and bending imoment diagrams in 
figure (a). 

M«,«^=|mib.-ft. 

(ii) The reactions of the sup- 
ports are 

The external forces acting on 
the left portion of length x are the 
upward reaction |ITI at O, and 
thp 7t}x Ttrtincr drvwnwards 



B. M. diagram 
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at a distance -|x from 0. These give, for a point distant x from 
S—^wl—wx, 

M—\wlx—lwx^. 

These values are plotted in figure {b). 

^^max — lb. -ft. 

Ex. 2. Draw the shearing force and the bending moment 
diagrams for a cantilever beam, of length I feet, when 

(i) carrying a load of PE pounds at the free end; 

(ii) carrying a distributed load of w Ib./ft. [Roorkee, 1 964| 

In each case find the maximum bending moment. 

For a cantilever beam, besides the vertical reaction, there 
would be a couple also at the fixed end. Therefore in this case take 
origin at the free end, and consider the right portion of the beam, 
(i) ForO<x</, 6“= IE, M= — PEx. 

From these values of S and M, the S. F. and B. M. diagrams 
are drawn as shown in figure {a). 


M^ax=-~Wl\hAt, 



(ii) forO<x</, S—wx, M='—^wx^. 
These values ofd' and M are plotted in figure {b). 


Mmax=—lwlK 

Ex. 3. A beam 20 feet long, resting on two supports 4 feet 
from either end, cari'ies a uniformly distributed load of 1 ton 

ner fnnt. DrCIlAr 
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The reactions of the supports arp tons. 

For 0 <a:<4'j 
S = —X, 

Tor 4'<^f<16', 

5=10-^:, 

M=l0{x-~4)~^x\ 

For 16'<r<20', 

S^{20~x), 

Af = 1 0(;c-4) -f 1 0(x- 16) 

= 20A;-200-iA;2. 

The shearing force and bend- 
ing moment diagrams are now 
drawn from these values for the 
■various intervals. 

Ex. 4. A beam, length 10 
metres, is supported at the left 
end and at a point 7 m, from it. 

It carries a distributed load of 
8 tonnes per metre from the left end for 7 metres and two loads of 
1 0 tonnes and 7 tonnes at 3*5 m. and 1 0 m. from the left end. Draw 
the bending moment diagram. 

The bending moment M at any point is the sum of the bending 



B. M. diagram 


lOf. 


BtJm. 


moments due to the distributed load 
and the concentrated loads. To 
simplify the problem we draw the 
B.M. diagram for the distributed load 
and superpose over it the B.M^ 
diagram for the concentrated loads^ 

For the distributed load ". 

Reaction tonnes. 

For 0<A'< 7, 

.V/=28a-4a®. 

For the concentrated loads : 

= 2 tonnes, i ?2 = 15 tonnes. 

For 0<.v<3*5, M==2 a. 

For 


7t. 


rnnnrn/mm/mimTmmmm i 

k 7m. > 


Rt 49 

\r, 

/" \ 

1 


i 

/ t \ 
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For7<x<l0, 

Af = 2^~ 1 0 (a;- 3'5) -f 1 5 (a:- 7) = 7.V- 70. 

From above equations the B.M. diagram for the distributed load 
is drawn and B. M. diagram for the concentrated loads superposed 
in such a way that the height from one line to the other gives the 
bending moment at that point. 

9*51. Relation between S and M. Consider the equili- 
brium of a small ele- 
ment CD of a beam 3 S 

AB. The forces act- . M 4- * 

ing on this element are /'I 

shown in the adjoining f } ) |m | ( — i 

figure. Resolving ver- a™ cl D B 

ticaliy and taking I W 3 

moments about C, Si 

we get 


S,-S-{-W=0, (1) 

and M^-M=S^.CD-\-W.iCD. (2) 

We now consider the following three cases: 

(i) If W—Q, i.e., if the element CD does not carry any load, 
then by {1) Si=S; and by (2), on dividing by CD and taking limits 
as CZ) ( = Sat) tends to zero, 

f- •■• (3) 

(ii) If the element CD carries a point load W, then ■S'l —S— IV 

and the shearing force increases discontinuously. From (2) we 
get, as CD-^0, Thus the bending moment is continuous, 

but its gradient is not continuous. 

(iii) If the element CD carries a uniform load w per unit 
length, then W=w . CD, and (1) gives 

S,~S^-w.CD. 

Dividing by CD and taking the limit as CD ( = 6 a:) tends to zero, 
we get 

dS 


Equation (2) leads in this case also to the relation dAAjdx^S. 

§•6. Stresses isidaced by ; bending. Let a beam dB 
undergo bending due to transverse loads oh it. It will be assumed 
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the element CC'D'D of 
the beam. Let HK be 
the neutral surface. Due 
to bending the sections 
CC and DD', though re- 
maining plane, become 
slightly inclined to one 
another. Suppose they 
meet on being produced 
at 0 where OH—R. Then 
HK which is trormal to 
both these sections, be- 
comes a part of a circle 
of radius ii. Similai'ly, a 
layer depth j' below 

HK, becomes a part of a 
circle of radius .R-bj'. 

The strain in P is given by 

Pd-HK (R-\-y)e-Re y 
HK Rd 

where d denotes the angle COD. Hence the stress in PO is 
EyIR. ... (1) 

If the cross-sectionai area of the layer PQ_is Sa, then the tensile 
force acting over this area in direction PQ, is (j^/P)Sa. The 
moment of this force about the neuti’al axis HH' is 
{Ey^lR)Ba. 

Summing up for all the layers in the element CC'D'D, we 
see that the total moment of the tensile and compressive forces 
about HH' is 

{ElR)Sy^a. 

This is the moment set up by the internal forces at the section 
CC and gives the bending moment M. Hence 
M=:{EIR)Ey^8a. 

The expression is known as the ‘moment of inertia’ 

of the section about the neutral axis. This can be easily found 
by integration (see Part II). It is generally denoted by /. Thus 
M^EIIR. ' . . ( 2 ) 

It is seen from (2) that the radius R remains constant only 
when the bending moment ikf is constant for all the elements of 
the beam. In this c3.sq S=dMldx — 0, and the shearing forces 
• are absent. Such a case is called j&wn? bending, and can be induced 
by couples applied to the two ends of the beam. In the general 

nf Inarli-nnf A/f to 3 Ti J - . . . .1 '' 
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d,attlfe ;'n,«rarrdofa™ri~ “ §9-5. 

»ge.hc.. .itl. a couple. 

^ »ust be aero. This 

2(EylR)Sa = 0. , 3 , 

line passing through the ^ 

symmemcal section it will pass throu|h the middle of Se^Ktion 

tion wfthatT®st:?rSv;r oHher ““ ^ 

the neutral surface is By/R. The maximum ■? 

occur at the lower and^pper^urfaroTre S '1 fXfZ 


For 


^_ED MJO , 

( 2 )- 


( 4 ) 


. rectangular section of breadth B and depth D (fig. a) 

I /=Tyaa = f'"‘y-,Brf 

j -0/2 
=BD^j\2. 

The sections shown in figure ib') can nil k« -j 
composed of a rectangle of bfeadth i and depth I) from "'^1 • ? 
a smaller rectangle of breadth b and deoth ^ k ^ 

Therefore, in these cases ^ ^ removed. 

I^Ey^Sa 

=.(BD^~bd‘^)ll2. 



meter D, /=^i5?/^4 ^ ^ circular section of dia- 

outer radii d and inner and 
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The strength of a beam is measured by the greatest bending 
moment to which it may safely be subjected. If in a given case 
the maximum stress which; the material can bear is known then 
by calculating the maximum bending moment, the dimensions 
of the beam can be obtained for safe loading. 

Ex. 1. A wooden beam, 12 feet long, is simply supported 
at its ends and carries a uniformly distributed load of 350 Ib./ft. 
If the greatest stress is limited to 900 Ib./in.^, find the dimensions 
of the beam, if the width is half the depth. 

The maximum bending moment occurs at the middle point 
of the beam (Ex. 1, § 9-5), and is 

>P^^(350x 122) =6300 Ib.-ft. 

= 75600 Ib.-in. 

From formula (4) we have 

MD__\2MD^6M 
■^"21 2 BD ^ 

or 5D2=6Af//=6 x 75600/900 = 504in.2 

Since .5 = J Z), therefore 

i)3=1008, 

or Z) = 1 0 inches, approximately. 

5=:|D = 5 inches. 

Ex. 2. The roof of a room weighs 400 kg./m.2 and is supported 
on beams, spaced m. apart, centre to centre. The beams are 
placed on walls 4 m. apart. If the ultimate strength of wood 
is 550 kg./cm®. find the dimensions of the beams, taking the fac- 
tor of safety as 10, and the width equal to 0*6 times the depth. 

The weight per unit length of the beam w = 400 x | = 500 kg./m. 
The maximum bending moment due to this load is at the middle 
point, and is 

= ■^(500 X 42 ) = 1 000 kg.-m. = 1 0" kg.-cm. 

Since the factor of safety is 10, the maximum permissil^lc stress 
/=550/i0 = 55 kg./cm. As in Ex. 1, we have, - 
BD2=6M//= 6 X 1 05/55 = 1 0909 cm^. 

Since i?= O'GD, therefore j[)2 = 18182, or Z> = 26-3 cm. 

Hence the dimensions may be taken as 26*5 cm. xl6 cm. 

Ex. 3. A steel beam, 15 feet long, cross-section as shown, 
is supported at 2 feet from the left end and 3 feet from the right 
end. It carries a distributed load of 1 ton per foot between the 
supports and three loads of 2 tons, 3 tons and 5 tons at the left end, 
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right end and at 9 feet from left end respectively. Find the maxi- 
mum stress in the fibres of the beam. 



Let Ri and be the reactions at the supports, then taking 
moments about the left support, 


~ 10(5 *7+3 X 13 + 10x5— 2x2) ~ 12 tons. 

= 2+5+0 + 10 — “ 3 tons. 

The bending moment M is maximum at the point where ^=0 
or at the supports. In the interval 2 <a'< 9 

b = 8-2-(x-2), ... (1> 

M=8 (x- 2)-2 a— i-(.v-2)2 • ■ • (2> 

From (1) 5=0 at a; = 8. 

maximum ikf=8(8— 2)— 2x 8— |-x36 = I4 ton-ft. 

In the interval G -.a: < 12, 

= 1 _2 _ 5 - a— 2) = 3 -.t. 

So M does not have any maximum in this interval. At the 
supports +/< 14 ton-ft. Hence the maximum bending moment is 
14 ton-ft. 

The moment of inertia of the section /=(BZ)'^—M®)7 12 
= (6 X 83-5 X 63)/12 = 166 in.4 
From formula/= Afi)/2/, we get 

14x2240x12x8 
2x166 
= 90671b./in.2 

9*7. Equation of the elastic curve. Let a beam AB be 
loaded transversely, and let a point on the neutral surface dis- 
tant x from the end A be displaced ti'ansversely through y due to 
l+nding. Then the relation between x and will give the equa- 
tion of the curve which the neutral surface assumes on bending. 

We know from calculus that the radius of curvature R of a 
curve at a point (,v,jy) is given by 
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dyjdx^ 

in actual practice the slope dyjdx of the elastic curve is very small 
and its square is negligible. Hence the curvature can be taken as 


R ^dx^' 

Putting this in the equation M—EIjR for the bending moment, 
and taking the positive sign, we get 




(i) 


which is the differential equation of the elastic curve. 
Integrating (1) twice, we get 

Ely ^^{lMdx}dx+ C^x+C^. 


If the beam is resting on two supports at its ends, the constants 
'Cl, Co can be determined from the conditions that_j = 0 at a: = 0 
and A' — If it is a cantilever the conditions are that j = 0 and 
.dyldx = 0 Sit x=Q. Similar conditions will determine the constants 
■of integration for any other beam. 


Taking IIR= -\-d^yldx^ implies that i? is in the direction ofj 
increasing. Hence in (1), with the convention of sign already 
adopted for the bending moment M,y must be measured upwards. 

We also notice from equation (1) that d^yldx^=Q at the points 
where M=0. Such points are points of inflexion for the elastic 
■curve. The curvature changes from concavity to convexity, or 
wee versa at these points. 

Ex. Find the equation of the elastic curve and the maxi- 
mum deflection for a simple beam, I feet long, which carries (i) 
a load W at the mid-point of the beam (ii) a uniformly distributed 
load w per foot. 

The differential equation of the elastic curve is : 

dx^~Er 

Due to symmetry, the end conditions may be taken as 

A== 0 at V — 0 and ^ = 0 at a = |/. 
dx 

'(i) As in Ex. 1 , § 9*5, for 

M==iIFA. 

(Ey _ W 
dx^~2Ef' 


'Therefore 



EQUATION OF ELASTIC CURVE 


161 


Integrating once, we get 

^ . 

dx 


Since dyjdx = 0 when a* = therefore A = — !•/“. Hence 

X 4EI\ 4r 


dx 


Integrating again, we have 

-^~4SA3'“4-"'+^)- 

Since a = 0 when j.’ = 0, therefore B — 0. 

Hence the ccfiiatlon of the elastic curve (05 ^a<|/) is 
IV fx^ B \ 

4£7\3" 4V 
For |/ < the curve can be obtained from symmetry, 

deflection occurs at a = i/, therefore 


W 


r.v^ I" 


(ii) As in Ex. 1, § 9.5, 

M = ^wix — Iwx^. 
dlv 


WB 

'48Er 


dx^~2El^^'‘ 


Therefore 
Integrating once, we get 

dy _ w /Ix^ \ 

7a"^IT“ 

When A = dyjdx = 0, therefore A — — Pll2. Hence 

dy _ w /Ix^ A® P \ 

Ix~m\T'~z~ny 

Integrating again, we have 

w /Ix^ , r>\ 

When A = 0, jF = 0, therefore £ = 0. 

Hence the equation of the elastic curve is 
W ff 3 A^ Fx\ 

2 2 /' 

.Maximum deflection occurs at a = |/, therefore 


rP B B 

yraax- ■^2 Ej[b 32 4. 


5wB 
' 3H4ii'i‘ 


Maximum 


Mil 
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Examples 13 

1. A timber beam, 6 metres long, is supported freely at both 
ends and carries a concentrated load of 2 tonnes at the centre of 
die span. If the beam is rectangular in section, the depth being 
twice the breadth, and the stress in the timber is limited to 50 kg. 
per sq. cm., determine the cross-section of the beam. 

2. A rectangular beam 15 cm. X 20 cm. is freely supported 
at two points 3 m. apart and carries a uniformly distributed load of 
2000 kg. per metre between the supports. Draw to scale the shear- 
ing force and bending moment diagrams and determine the maxi- 
mum stx’ess in the beam. 

3. A uniform rod AB is supported at each end. If w be its 

weight per unit length, prove that the -bending moment at any 
point P is I' w . AP . PB. [Roorkee, 1 966] 

4. A rectangular beam 2" wide, 3" deep and 15 ft. long 
is simply supported at its ends and carries loads of 150 lb. and 100 
lb. at distances of 2 ft. and 12 ft. respectively from the left end. 
Determine the maximum stress and state where it occurs. 

[Banaras, 1956] 

5. A cantilever 8 cm.Xl2 cm. and 1'5 m. long has to carry 
a uniformly distributed load over its entire length. Find the 
value of the load per foot run if the maximum stress is not to exceed 
90 kg. per sq. cm. 

6. A timber cantilever 3" wide, 5" deep and 10' long carries 

a load of 75 lb. at a distance of 6 ft. from the fixed end and a load 
of 60 lb. at the free end. Draw the shearing force and bending 
moment diagrams and determine the maximum stress produced. 
Neglect the weight of the cantilever. [Banaras, 1955] 

7. A simple beam 3 m. long has a rectangular cross-section 
20 cm. deep. It carries loads of 4 tonnes and 3 tonnes at 1 m. 
and 2 m. from the left end. Find the width for safe beam if fibre 
stress is limited to 80 kg. per sq. cm. 

8. A beam 10 ft. long is simply supported at both ends. 
It carries a load of 2 tons at distance 2 ft. from the left end and a 
load of 5 tons at distance 3 ft. from the right end. Draw to scale, 
giving the main dimensions, the bending moment and shearing 
force diagrams for the beam. 

If an additional load of 1 ton per foot run is uniformly distri- 
buted over the beam, find the position and magnitude of the maxi- 
mum bending moment. What is the value of the shearing force 
under this point of maximum bending momLcnt ? [Banaras, 1959] 
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9. Draw the diagram of Ztonsf ft. 

B.M. and S.F, for a beam 1 2 tons i / 24 tons 12 tons- 

loaded as shown. Uniform 

load =2 tons per foot run. A Tb C |D E 

AB = PC= CD = DE=4: ft. [Punjab, 1957] 

1 0. Draw the bending moment and shear force diagrams for 
the beam loaded as shown in the figure below. [Punjab, 19581 



11. A light rod of length 21 rests symmetrically on two rigid 
supports at a distance 2a apart. If a load W is suspended from 
the centre, show that this point will sink through a distance Wa^{6E[ 
and the ends will rise through a distance Wa^{l—a)/4:EI. 

[Roorkee, 1967 ] 

12. Find the equation of the elastic curve and the maximum 
deflection for a cantilever beam of length I fixed at the endAr = 0, 
which carries 

(i) a load W at the end x = l ; 

(ii) a uniformly distributed load w per unit length. 



CHAPTER X 


FORGES' IN SPACE 


1 ®°I« G0iiip©iaents along tliree rectaagtilar 
axes* Let OA repre- 
sent a force F in space 
and let a, ^ and y be 
the direction angles of 
the vector OA with 
regard to a system of 
three mutually perpen- 
dicular axes OX^ OT 
and 0^. 

With OA as diago- 

nalj construct a paral- 0 L x 

lelepiped {OLHM, FfGAK) by drawing planes parallel 
to the coordinate planes, as shown in the figure. Join 
AL and OK. 



Referring to the parallelogram OLAK^ we find that 

w=oi+or. 

Similarly from the parallelogram OMKAf.^ we get 
0M-\-Wf> 

Thus 03-'^+^+^. 

Also from the triangle OAL, 

0L= OA cos a = F cos a. 

Similarly, OAf = F cos and OjV= E’ cos y. 

Hence a given force F in space can be resolved 
into three components Fcos a, F cos ^8 and A cos y along 
the three axes. If the direction cosines cos a, cos jS, 
cos y are respectively denoted by /, m, n the components 
may also be written as F/, Fm and Fn. 
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Conversely, if three forces X, T, ^ act along the 
axes of x,y and ^ respectively, their resultant F is given 

by 

and angles a, y which the resultant makes with the 
axes, are given by 

X ,3 r z 

cos a — - 5 =, , cos p — -y:;, cos V = . 

10 * 2 . Resiiltamt of comciarremt forces 121 space. 
Let F^^ F„F„.. . be a system of concurrent forces acting 
at 0 . 

Take a set of three rectangular axes through 0, 
and let the direction cosines of the forces Pi^ F^i Fq, . . . 
be %, n^; 4 ; 4 ? ^^35 • • • respectively. 

Resolve each force of the system into x-, j-y and 
Z- components. The components along each axis 
constitute a system of collinear forces and hence can 
be added algebraically. Thus we have the three 
fnrrp^ • 

X=FJ,+FJ,+F,l,+ ..., 

• • • s 

Z—Pi^i-f-P2^2'f~p3^3'^ • • • 3 
acting along the axes ofxyj and respectively. 

These three forces can be combined into a single 
resultant R whose line of action makes the angles a, 
ft y with the axes where 

X Y 7 

and cosa = -^, cos ^ = cosy =^. 

Ex. Find the resultant of the system of forces acting on a 
body as givn below 

(i) 80 kg. from origin towards the point (0, 5, 5), 

(ii) 130 kg. from origin towards the point (—3, 4, 12), 

(iii) 85 kg. from origin towards the point (8, 0, —15), 

(iv) 100 kg. from (8, 6, 0) towards the orio-in 
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The distance from the origin to the point (0, 5, 5) is v'(5^+5^) 
= 5'\/2. Hence the direction cosines of the line from origin to 
(0, 5, 5) is 

„ 5 . _1_ J_ 

^’572’ 5V2* V2’ V2' 

The components of the 80 lb. force are therefore 0, 80/72, 
8 O/ 72 . Similarly, the components of the other forces can be 
obtained. It is convenient to tabulate the solution as below : 


Forces 

Direction cosines 

X 

r 

# 

80 kg. 

oA A 

v'2’ V2 

0 

56*6 

56-6 

130 kg. 

3 4 12 

13’ 13’ 13 

-30 

40 

120 

85 kg. 


40 

0 

-75 

1 00 kg. 

4-7 

-80 

-60 

0 

90 kg. 

1 , 0 , 0 

90 

0 

0 


20 

36-6 

101-6 


Therefore the magnitude of the resultant R 
=V{202+(36-6)H(101”6)2}= 109-8 kg., 
and its direction is given by 

cosa = 20/109*8 = ‘1822, ora=79°30'. 

cos /3 = 36-6/109-8 = -3334, or iS= 70° 30'. 
cosy=101-6/i09-8 = -9253,ory = 22° 18'. 

111*3. Eqiiiliforiimi of concurrent forces in 
space. We have seen that the resultant of a system 
of concurrent forces in space is a single force R 
given by 
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For the equilibrium of the system, R should vanish. 
But i? = 0 if and oiilv if, 

x=o, r=o, .^=0. (I) 

Thus a necessary and sufficient set of conditions for 
a system of concurrent forces to be in equilibrium is 
that the sum of the components of all the forces along 
each axis should be separately zero. 

The equations (1) are used to determine unknown 
elements in a problem of concurrent forces in equilib- 
rium. As there are three independent equations of 
equilibrium, not more than three miknowii elements 
can be determined. 

Sometimes, specially when there is a symmetry, it 
is convenient to reduce the system lo a set of coplanar 
forces, by combining two forces into a single force, as 
in Ex. 2 below. The problem can then be solved by 
an application of the methods for coplanar forces. 

Ex. 1. A tripod with legs .40, .45, /IC rests on level ground 
as shown in the figure. The 
points of support 0, B and C on 
the ground have the coordinates 
(0, 0, 0), (5, 0, 0) and (3, 6, 0) 
respectively, and the point A 
has the coordinates (3, 3, 8). A 
load of 1000 kg, acts downwards 
at the hinge A. Determine the 
magnitudes of the stresses in the 
legs caused by the load. 

Let iSj, (S's and be the forces 
(compressions) in the members AO, 

AC and AB respectively. Hence the 
frce-body diagram for the point 
A gives four forces, Si, S 2 , bg and 1000 kg., in equilibrium. 

The. direction cosines of the line of action of Si are propor- 
tional to 3:3: 8. Since -\/(3^+3^+82) ='v/82, they are eciual to 
3/V82, 3/V82, 8/V82, i.e. *332, *332, *885. 

Similarly, the direction cosines of Og are pi’oportionai to 
3 — 3 : 3—6 : 8: and are equal to 

0, -3/V 73, 8/V73, i.e. -0, --352, *938. 

The direction cosines of S^ are proportional to 3 — 5 :3 :8; 
.and are equal to 
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Hencej equating to zero the sum of the components of the 
forces along x-jjv- and^-axis respectively, we get 
X=-332^i-*228 6’3 = '0, 
r=-332 6’i--352 ^ 2 +-342 S^^O. 

^ ' 885 +-938 6'2 +• 9 1 3 4- 1 000 = 0, 

Solving these, we obtain, 

6'i= 225-5 kg., ^2 =532-5 kg., S.^ = 329 kg. 

Ex. 2. A shear legs crane has legs AB and AC, each of length 
b and hinged at A, B and C as shown in the figure. They are held 
in position by a stay cable AE in the vertical plane through AD, 
which is a median of the triangle ABC. A weight of 2000 lb. 
hangs from A. If BD ^CD — a, angle AED = a and angle A DF = /3, 
find the stress in the legs AB and AC and the tension in the stay 
cable AE. 

Let T be the tension 
in AE and S the compres- 
sion in the leg AB. Then 
by symmetry, the com- 
pression in the leg AC is 
also S. The resultant of 
these two forces in AB and 
AC is 2S cos BAD acting 
along DA. Thus the given 
system is equivalent to the three coplanar forces : T along AE, 
^ cos BAD along DA, and 2000 lb. along the vertical AF. As 
these are in equilibrium, we have by Lami’s theorem 
T 2S cos BAD 2000 


|2000 



also 


and 


sin (90+i3) ■ 
cos BAD=A D/AB - 


' sin (90— a) sin (jS— a)* 

Therefore 

2000 cos 


"sin(/3- 
1000 b cos a 


lb. 


rib. 


VW—a^) . sin(^- 
Examples 16 

1. Three forces of 20, 30 and 40 kg. meet at a point 0 
and are directed away from 0 along the diagonals of three faces 
of a cube meeting at the point C. Find the magnitude of their 
resultant and the angles the resultant makes with the three edg^s 
of the cube. 

2. Three forces of magnitudes 30 kg., 50 kg, and 80 kg. 

at the point 0 in the directions QA, OB and OC respectively. Tlie 
angle AOB is 60°, the angle AOC is 45° and the angle BOC is 30°. 
Find the magnitude of the resultant. 

[Hint. Take the x-axis along OA, 'and _y-axis in the pla^e 
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3. If Pj 5 P^, Pg, ... be a set of non-coplanar forces acting at 
a point, show that the resultant force R is given by magnitude 

P2=2'P^2_|_2i7 cos ^rs- [Banaras, 1950| 

4. A theodolite, weighing 5 pounds, rests at the top of a 
tripod with legs 6 feet long, which are placed at the vertices of 
an equilateral triangle on a horizontal floor. The top of the tripod 
is 5 feet fro m the floor. Find the force of compression on each leg, 

5. A weight of 80 pounds is hung from a horizontal ring 

6 feet in diameter by means of three cords, each 5 feet long. On 
the ring two cords are 90° apart and the point of attachment of 
the third cord bisects the remaining arc of the ring. Find the 
tension in each cord. [Banaras, 1 954] 

6. Three wires, each 3 m. long, are attached with their 
upper ends to a horizontal ceiling. The points of attachment 
form an equilateral triangle of side 3 m. The lower ends are 
jointed together and a load of 100 kg, is hung from the joint. 
Calculate the tension in each wire. 

7. A 20-feet spar AB, 
used as a derrick, is supported 
by two back stays P'P and FB, 
each 40 feet long as shown in 
the figure. 

If DA =18 feet and AC 
= 12 feet, find the compression 
in AB and the tension in each 
back-stay, when a weight of 4 
tons hangs from B. 



[Banaras, 19571 


8. The vertical mast 
AP of a crane rests in a 
socket at A on the ground 75® 

and is supported by two 
guy wires BE and BF each J 

inclined at 45° to the hori- // 

zontal, E and F being on the / / 

ground. The plane ABC of / j a 

the crance bisects the angle 

FAF which is 90°. Find the ^ 

tensions in the guy wires and 45°/^ 

the tie PC, and the thrust / 
in the jib AC when a load of / 

1 tonne is suspended from ^5° ^ 

C. The angles AC and PC : 

make udth the vertical are 45° and 75° respectively. 
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9. Three vertical poles 30 ft., 20 ft. and 25 ft. in height are 
erected on level ground at points whose coordinates, on the ground 
plane, are (0, 0), (0, 30 ft.) and (40 ft., 10 ft.) respectively. A 
load of 700 pounds is suspended from point A, 10 ft. above the 
ground, by means of cables running from A to the top of each pole. 
The line of action of the load passes through a point on the gTOimd 
plane, having coordinates (20 ft. 10 ft.). Find the tension in 
each cable. [Banaras^ 1953] 

10. A heavy particle is placed on a rough plane, inclined at 
an angle a to the horizontal, and is connected by a iveightless 
string AP to a fixed point P in the plane. If AB is the line of greatest 
slope and 6 the angle PAB when the particle is on the point of 
slipping show that 

sin 6 — IX cot a, 

where jx is the coefficient of friction between the particle and the 
•plane. 

10*4. Moment of a force about an axis. 
The moment of a force about an axis is the measure of 
the tendency of the force to produce rotation of the 
body on which it is acting about that axis. 

If AB is the axis and F the 
force making an angle $ with 
AB, then F cdtn be resolved into 
a component F cos $ parallel to 
AB and a component F sin 0 
perpendicular to AB. The com- 
ponent F cos 0 has no tendency 
to turn the body about AB. The 
tendency of the other component 
to turn the body about AB is 
measured by the product of its 
magnitude F sin d by the perpen- 
dicular distance p of its line of action from the axis. 
Thus the moment of the force about AB is Fp sin 0. 

We notice that F sin ^ is the projection of F on a 
plane perpendicular to the line AB. By projecting the 
forces on such a plane, we can show that the sum of 
the moments of two forces about any line is equal to 
the moment of its resultant about that line. The 
converse is also true, viz., the moment of a force about 
a line is equal to the sum of the moments of its com- 
■.ponents. 
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16“ 41* Momeats ©f a force aboat coordi- 
nate axes* Let a force 
F ill space act at the 
point A whose coordi- 
nates are (.r, z)i and 
let Z, r and ^ be 
the components of the 
given force F parallel 
to A", y- and <s-axis 
respectively. 

Then the moment 
of the force F about the 
.^-axis is equal to the sum of the moments of its com- 
ponents about the .j-axis. The moments of X and 
Y about the ^-axis are respectively —yX and xY, 
while Z no moment about the ^-axis being 
parallel to it. 



Hence the moment Ad of the force F about the 
.^-axis, is given by 

M^^xY~yX. 

Similarly, the moments of the force F about x-axis 
and_y-axis are respectively 

and M^~zX~xZ' 

The sign of the moment is taken positive or 
negative according as the turning effect is anticlock- 
wise or clockwise when viewed from the positive end 
of the axis towards the origin. 

111*42. Couples in space. K. couple in space 
consists of two equal forces acting on a body in opposite 
senses along two parallel lines. They cause a rotation 
of the body about an axis perpedicular to the plane 
containing the two forces. For example, if the couple 
lies in the j^-plane the axis of rotation is the x-axis. 
A couple is a vector. 
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or combined with another couple according to the 
laws of vectors. 

Thus, a couple of moment M with an axis inclined 
at angles A, ju, v to the coordinate axes, can be resolved 
into three component couples My, M„ whose 

axes coincide respectively with a:-, y- and .^-axis 
and whose magnitudes are given by 

Mx — Mco?,X, My~M cosiJi, M,^~Mcosv. 

Conversely, the couples My, M,, with axes 
respectively along the three coordinate axes may be 
combined into a resultant couple M, where 

and the direction angles of the axis of the resultant 
couple are given by 

cos A = MJM, cos (X = MylM, cos v = MJM, 


10*5. Fore© system m sfsace, A system offerees 
acting on a rigid body can be reduced, in general, to a force 
acting at a specified point and a couple. 

Let F-^, F^, . . . be a system of forces in space. Take 
a set of rectangular axes with the specified point as the 
origin and let (^i, Jj, zfi), ... be the coor- 

dinates of the points of application of the forces F-^, F^,... 
respectively. 


Take one of the forces, 
say F-^, acting at A and let 
T^, be its components 
parallel to the coordinate 
axes. Let M be the foot 
of the perpendicular from 
A on jjp^-plane, and let X 
be the foot of the perpendi- 
cular from M on .^f-axis. 
Introduce pairs of equal 
and opposite forces 
and -—Zi G 2 .ch at L and 
0. These do not affect tl 



resultant of the system* 
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m 


The force Zi ^ —Z\ L constitute a couple 

in a plane parallel to j^-piane, of moment Ji/Ji* 
Similarly the force Zi L and at 0 constitute 
a couple ill the plane of moment —:^\Zi‘ 

Hence the force Zi can be replaced by a 

force Zi acting at 0 together with two couples of mag- 
nitudes JiZi 2.nd ~x\Zi and axes along Ox and Oy 
respectively. 

In a similar way, the force Tf acting at A can be 
replaced by a force Xj_ at 0 together with couples of 
magnitude along Oj and — along 0^; and 
the force at A can be replaced by a force at 0 
together with couples Xj along Oz and —Zt along 
Ox. 

Hence the force acting at A is equivalent to the 
force components 1\, Zi acting at 0, and couples 
of moment 

yiZi~<i^\ with axis along Ox, 

ZiX^—x^Zi with axis along Oy, 

XiT^—y\X^ with axis along 0^. 

The other forces ^25 -^33 • • ♦ of the system can be 
treated in the same way, and the system can be reduced 
to the forces 

z=TXi, r=Tri, 

along the y- and 4 :-axis respectively; and the 
couples 

•along the same three axes. 

The forces X, T, Z be combined into a single 
resultant R acting at 0, while the couples M^, M^, M. 
can be combined into a single couple Ai. 

Ex. A system consists of the following forces : 

(ij 250 kg. acting at (3, —5, 8) towards the point (0, — I, 8), 

(ii) 420 kg. acting at (—6, 0, 2) towards the point (6, 6, —2), 

(iii) 300 kg. acting at (0, 3, —8) towards the point (2, 8, 6), 
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or combined with another couple according to the 
laws of vectors. 

Thus, a couple of moment M with an axis inclined 
at angles A, p, v to the coordinate axes, can be resolved 
into three component couples Mx, -^yy whose 
axes coincide respectively with x-, j- and ^-axis 
and whose magnitudes are given by 

= M cos A, My = M cos /i<, Mz = M cosv. 

Conversely, the couples My, M„ with axes 
respectively along the three coordinate axes may be 
combined into a resultant couple Ai, where 

and the direction angles of the axis of the resultant 
couple are given by 

cosX = MJM, cos,(x=My/M cosv=zzMJM. 

^10*5. Force system iaa space* A system of forces 
acting on a rigid body^ can be reduced, in general, to a force 
acting at a specified point and a couple. 

Let F-^, Fq, . be a system of forces in space. Take 
a set of rectangular axes with the specified point as the 
origin and let {x^,yi, Zi), y 2 ^ Zq), • • • be the coor- 
dinates of the points of application of the forces F^,... 
respectively. 

Take one of the forces, 
say F^, acting at J and let 

^15 Zi:> be its components 
parallel to the coordinate 
axes. Let M be the foot 
of the perpendicular from 
A on ;^-plane, and let L 
be the foot of the perpendi- 
cular from Af on A;-axis. 

Introduce pairs of equal 
and opposite forces 
and each at L and 

0. These do not affect the resultant of the system. 
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The force Zi A and ~Zi at L constitute a couple 
in a plane parallel to jt^-plane, of moment 
Similarly the force Zi at L and at 0 constitute 
a couple m the plane xz of moment —x^Zi- 

Hence the force Zi at A can be replaced by a 

force acting at 0 together with two couples of mag- 
nitudes and and axes along Ox and Oy 

respectively. 

In a similar way, the force 1"^ acting at A can be 
replaced by a force at 0 together with couples of 
magnitude along Oj and -j^Zi along 0^; and 
the force at A can be replaced by a force K at 0 
together with couples x^l\ along Oz and Tj along 


Hence the force Zj acting at A is equivalent to the 
force components Z^, acting at 0, and couples 

-of moment 


with axis along Ox, 
with axis along Oj, 
with axis along 0^. 

The other forces Zg, F^, . . . of the system can be 
treated in the same way, and the system can be reduced 
to the forces 


z=zz„ r=zr„ 

along the x-, and ^-axis respectively; and the 
couples 


•along the same three axes. ^ -^i 1)5 


The forces A, ^ can be combined into a single 
resultant i? acting at 0, while the couples M^, ZI,, Af, 
can be combined into a single couple M. 

Ex. A system consists of the following forces : 

(i) 250 kg. acting at (3, —5, 8) towards the point (0, — f 8 ), 

(ii) 420 kg. acting at (—6, 0, 2) towards the point (6, 6,-2), 
(hi) 300 kg. acting at (0, 3, —8) towards the point (2, 8, 6), 
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(iv) 100 kg. acting at (4, 4, 0) towards the point ( — 2, —4, 0) 

(v) 200 kg. along the positive direction of x-axis. 

Replace the system of forces by a single force at the origia 

and a couple. Give the direction of this single force and the direc- 
tion of the axis of the couple. Find also the angle between them.. 
(The distances are measured in decimetres.) 

The solution is given in the table below: — 

(See tine Table on page 175) 

Therefore, the single force R 

= V{(390)2 + (400)2+(400)2} = 687'1 kg. 
cos a = 390/687 = -568, or a = 55° 24'. 
cos /3 = 400/687 = -582, or iS=54° 23'. 
cos y= -400/687= -'582, or 125° 37'. 

The moment iVf of the couple = -v/{(2000)^-!-(1520)^ + (1430)2} 
= 2891 kg.-decimetre = 289T kg.-m. 
cos A= -2000/2891 = -*692, or A = 133° 48'. 
cos ^ =- 1520/2891 = --526, or /x= 121° 44'. 
cos V = - 1430/2891 = --495, or v = 1 1 9° 40'. 

The angle 6 between the resultant force at the origin and the- 
axis of the couple is given by : 

cos 6 = cos a cos A+cos ^ cos p,-i-cos y cos v 
= - -568 X •692-'582 X •526+-582 X '495 
= -'412. 

0=114° 20'. 

10 * 6., Parallel forces in space. To find the 
resultant of a system of parallel forces acting on a body. Let 
Zii ••• ^ system of parallel forces acting at the 

points Ai, A, 2, ... of a rigid body. Take a set of rec- 
tangular axes Oxj Oy, Oz in which Oz is parallel to the 
given forces. Let the coordinates of A^, A2, ... be 
(‘^25725-^2)5 * Then the only difference in 

this system and the system considered in § 10'5 is that 
the X and T components of the forces are zero. 
Therefore the give system of parallel forces can be 
reduced to a single force 

acting at 0 along the .^'-axis, and couples of moment 
2^1 with axis along Oa, 
and — with axis along Oy. 
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To find if the system reduces to a single force, 
'let us take a force Z acting at the point {x, y, 0) . As 
ill § this force can be replaced by a force Z at the 
origin together with a couple along Ox and a couple 
~xZ along Oy. If this is equivalent to the given sys- 
tem, then 

Hence the system of parallel forces has the resultant 
■^Zi acting at the point (x^y, 0) where 




y = 


■ 


If, however, UZi = 0? then the system reduces to 
two couples Z^iZi along Ox and —Zx^Zi along Oy. 
These can be combined into a single couple 

^=^/miZir+{zx,Ztn 
If M is also zero, the forces are in equilibrium. 
For M to be zero I^yiZx and 2xj^Zi rnust separately 
be zero. Hence the conditions of equilibrium for a system 
of parallel forces are 


SZi = 0, = 0 and Ex^Zi = 0. 

Ex. 1. Five weights which are placed on a horizontal table 
6 ft. square, have the following magnitudes and coordinates ; 
inn IK (o> AO. lein IK 


(1', 5'); 180 lb. (5', 1'); 801b., 
:(4', 3') and 200 lb., (!', 1') 
with reference to two adja- 
cent edges as axes. If the 
table is supported by three 
legs at the points (0, 0), 
(6, 2) and (2, 6), find the 
■stresses in the 3 ^ legs. 

Referring to the figure 
we see that we have 8 parallel 
Ibrces in equilibrium; the 
cross mark X means forces 
vertically downwards and 
the mark 0 at the points of 
support A, B, C, means forces 
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vertically upwards. Take -s-axis 
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perpendicular to the horizontal tablcj and let i?®, denote 

the reactions at A, C , Applying the .equations of equilibrium, 
%ve have, 

i2a+ i?i, + - (200 + 1 80 + 80+ 1 00 + 1 50) = 0, , 
or i?a+i?l,+i?c=710. . . . ( 1 ) 

2i?fc+6i2c --200.1 ~ 1 80.1 - 80.3- 100.4- 150.5 = 0, 

! or 2 i 2 b+ 6 i 2 c = 1770. , . . ( 2 ) 

I = -6Ri,~2Rc +200. 1 + 1 50.1 + i 00.3 + 80,4+1 80.5 = 0, 

; or 6i?fe+2i?c==1870, . . . (3) 

I From (2) and (3), i?j,=240 lb. and i?c=215 lb. 

From (1), ^a~7i0-%-.Rc = 7I0-240-2i5=:255ib. 

Ex. 2. An equilateral triangular plate ABC is held in horizontal 
position by means of three vertical 
cords attached to three angular V 
points A, B and C. A load of 100 lb. 
is placed at the middle point 
of the median from A to BC, and 
three loads of 50 lb, each are plac- A 
ed at the mid-points of AB, BC 
and CA respectively. Determine 
the tensioji in the cords, neglect- 
ing the weight of the plate 
ABC. [Banaras, 1963] C 

Take,v andj axes as showni and the 4 :- axis perpendicular to the 
plate. As the loading is symmetrical about ;r-axis, the tensions 
Tjy and Tc in the strings at B and € must also be equal. 

By 1 ‘eplacing the tensions T}j and Tc by tlieir resultant 27*^, 
acting ati), and the load 50 lb, atE and 50 lb. at Fby their resultant 
100 ib. at G', the given system can be reduced to the following 
system of coplanar parallel forces : 

(i) A tension Ta acting vertically upwards at /I, 

(ii) A load 200 lb. acting vertically dow'nwards at G, and 

(iii) A force 27"!,— 50 acting vertically upwards at D. 

Taking moments about thejp-axis we get- 

200.AG=(2r5-50) .2AG, or Tb=751b. 

Resolving vertically, Ffi+^STi,— 50)— 280=0, or T'a=100ib. 

10* 7« Eqiiilibriiiiii of forces .in space. We 
1 have seen in '§ 10*5 that a system of forces in space can 
j be reduced to a single force R and a couple Al, For 
I 12 ME 
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equilibrium it is necessary that there should be neithcr 
a resultant force nor a resultant couple. Therefore, 
for equilibrium we must have 

i? = 0 and M=Q. 

Since i?- V(^"+ and M= 

these can be satisfied only if 

X=Q, r^O, ^=0 and M^ = 0, M, = 0, M, = 0. 

This means that for equilibrium the sum of the 
resolved parts of the forces along three mutually per- 
pendicular lines are separately zero and the sum of the 
moments of the forces about these three lines are 
separately zero. 

Ex. The figure shows a windlass iused in lifting heavy 
weights. A force P is applied to the crank CD perpendicular to 
the axis of the cylinder and also perpendicular to the crank CD. 
Find the value of P required to hold a weight of 1000 lb. and also 
the reactions at A and B when the crank makes an angle of 60® 
with the vertical. The bearings at A and B may be assumed to 
be smooth. 



Take a vertical through as ^-axis, the axis of cylinder as 
A:-axis and a perpendicular horizontal line as j-axis. Then the 
coordinates of the points are : 

A{0, 0, 0), 5(7, 0, 0), E(4, -T5, 0) and D (9, 2*5^3, 2-5). 

The free-body diagram for the windlass gives the following 
forces in equilibrium. 

(i) Reaction of bearing at A, components Ay and Az. 

(ii) Reaction of bearing , at B, components By and Bz. 

(hi) Effort P applied at jD. 

(iv) The load of 1000 lb. at 5. 
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The components may be tabulated as follows : 


Forces ' 

Acting 
■ at 

direction 

cosines 

■X ■■■ 

r 


-Ra 

(0,0,0) 

- 

0 

. 


Rb 

(7,0,0) 1 


0 

By 'l 


10001b. 

(4, ~ 1-5,0) 

0,0,-l 

0 

1 

0 

-1000 

p 

(9,4-33,2*5) 

0,-5, --866 

0 

f -SP 

, --seep 


Forces 

Mx— 

yZ-zT 

My = 

zX-xZ 

xT-yX 

Ra 

0 

0 

0 

Rb 

0 

~lBt 

IBy 

1000 lb. 

1500 

4000 

0 

P 

-5P 

7-8P 

4-5P 


Hence, gives P = 3001b. 

My = 0 gives Pj = 4(400+ = 905-6 lb. 

M. = 0 gives By = -Y&5P) = - 1 92-28 ib. 
r=0 gives ^ly = -Py--5P=42-8 lb. - 
Z=0 gives At = -~Bx + 1000+ -seep = 354-2 lb. 

Reaction at ^ = V{(42-8)2+ {354-2)2} = 357 ib. - 

Direction angles are 0. cos~^(42-8/357),cos l(354’2/357) or 0°,83°,7° 

Reaction at 'P = V{(^92-8)2+(905-6)2},=i926, .lb. 

Direction angles are 0. cos"i((— 192-8) /926}, cos~^.(905-6/926’) or 0°. 

102 °, 12 °' 

M’S. The wrench. We have seen that a system 
of forces in space can be reduced to a single force R 
at a specified point 0 and a couple -of- moment iW whose 
axis is, in general, different from the line of action 
of R. We have also seen that if i2=0 and M=0, the 
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forces are in equilibrium. If only and 

the system reduces to a couple of moment M. On 
the other hand, if M=0 and the system reduces 

to a single force R acting at 0. 

If neither R nor M is zero, let the axis of the 
couple M make an angle 9 with R, as in fig. [a) below. 
Then the couple M can be resolved into two couples, 
one of moment M cos 9 and axis along' R, and the 
other of moment Msm9 and axis perpendicular to 
R (fig. b). The latter couple is equivalent to forces ^ 
at O' and —R at 0 where 00' = {M sin 9)-IR, and 00' 
and R are in a plane perpendicular to the axis of M sin 9 
(fig. c). The forces R and —R at 0 cancel each other; 



also the axis of the couple M cos 9 can be shifted to 
any parallel axis. So we are left with a single force R 
acting at 0' and a couple M cos 9 whose axis coincides 
with the line of action of R (fig. d ) . Such a combina- 
tion of a force and a couple is called a wrench. The 
line of action of the force is called the axis of the 
wrench, and the ratio of the moment of the couple 
M cos 9 to the magnitude of the force R is called the 
pitch of the wrench. 

Ex. , Find the resultant wrench of the five forces acting as 
in ex. on page 174, 

‘ Taking the vaiiues as obtained in the above nieiitioncd exam- 
ple and resolving the couple M into componenls parallel and 
perpendicular to R, we have : 

M cos:F=28‘9T cos 114«'20'=— 289*1 x-412 - - 1 1 9- 1, 
Afsia0=269-l sin 1.H- 20'=289*1 x-91i2 = 263-4. 
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Hence tlie system is reduced to a wrench consisting ofaibrce ^= 
687*1 kg. and a couple of moment — il9*l kg.-m.. The direction 
angles of the axis of the wrench are the same as those for R, viz, 
55° 24', 54° 23', 125® 37'. 

10*81. Equation ©f the axis of a wrench. Let a system, 
of forces be reduced, as in § 10*5, to the force-components 

acting along the three axes of coordinates and to the couples 
along the same three axes. 

Let us shift the origin from 0 to any other point O’ whose 
coordinates are (f, 1) and take a set of parallel axes there. 
Then the force-components in the new set of axes are still X, T, Z> 
but the couples along the three axes change to XI'z, -M'y, M'j, 
where 

=^^{y^Z^-z^r,)-rjXz^^^xr, 

and similarly 

M’^=My-CX+iZ> M\=iUz-ir+riX. 

If the point 0' lies on the resultant wrench of the system then 
the line of action of R and the axis of the resultant couple M' have 
the same direction cosines, i.e. 

x_ ^ r_ M'y z_ ^ 

M" R~ M” R~ M'* 

M'x_ M'v_ M\ M' 

™ X ~ r ~ z ~ R’ 

M^-rfZ+ir My-tx+^z _Mt-ir+-qX 

X r~ 

Hence (^, 17 , lies on the line 

Mz-yZX-zr__My~zX-^xZ_Mt~xr+yX 

X r ” ^ 

This is the equation of the axis of the wrench. It is also known as 
Fohisot’s central axis. 

1§*82. Resolution into two non-intersecting forces - 
A given system of forces can, in general, be reduced to two non-intersecting 
forces. 

We have seen in § 10*5 that a given system of forces can be 
reduced to a single force R at 0 and a couple M. Let R make an 
angle 6 with the axis of the couple (fig. a ). . Then. R can be resolved 
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into a component ^ cos 0 along the axis of Af and' i2 sin 0 per- 
pendicular to ikf (fig. ^). -The couple -M is equivalent to a force 
— i? sm0 at 0 and i? sin 0 at O', 


M'diere 00’ = Ml R sin 9, and 00' and i? sin 0 are in a plane per- 
pendicular to the axis of Af (fig. r). ' 



The forces J?sin0 and —Rsind at 0 cancel each other, 
and we are left with the two non-intersecting forces Rcosd at 
O and R sin 6 at 0' (fig. d). 


Examples 17 

1. Four couples of moments 65 kg.-m., 70 kg.-m., 75 kg.-m. 
and 85 kg.-m., act in the planes in space whose normals have 
direction cosines proportional to 3 : 4 ; 12,-6 : 3 : 2, 2 ; 5 : —14 and 
8 : 15:0 respectively. Find the resultant couple and the direction 
cosines of its axis. 

2. A force of 910 lb. acts at the point (2', 3', 4') with the 
direction and sense of the line segment joining this point to (5', 
7', 16'); a force of 750 lb. acts at point (—2', — T, 2') with the 
direction and sense of the line segment joining this point to (—9', 
— 25', 2'); a force of 440 lb. acts at origin in the positive sense of 

jr-axis and a force of 840 lb. acts at origin in the negative sense 
of ^-axis. Replace this system of forces by a single force acting 
at the origin and a couple. [Banaras, 1957] 

3. Forces, perpendicular to ;^-plane, act at points as given 
below : 

40 kg. upwards through (1,-3), 

50 kg. downwards through (—2,4), 

20 kg. upwards, through (8, —6), 

60 kg. upwards through (4, 0), 

30 kg. downwards through (3, —8) and 
10 kg. downwards through (0, 7). 

Find the resultant of the system and its position. 

4. An equilateral triangular plate ABC of weight 40 kg. 
is he d in a horizontal position by means of three vertical cords 
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attached from the three angular points and C to a ceiling. A 
load of 50 kg. is placed at the mid-point of the perpendicular 
from A to BC and two loads of 25 kg, each, are placed at the 
mid-points of AB and AC. Find the tensions in the three cords. 

5. A square plate of weight W is supported in a horizontal 
position by three legs. The two legs at the adjacent corners 
carry one-fourth and one- fifth of the weight respectively. Find 
the position of the point on the plate where the third leg meets it. 

[Banaras^ 1 953] 

6. A tricycle of weight 40 kg. has a small wheel symmet- 
rically placed 1 metre in the front of the line joining the two large 
wheels which are 90 cm. apart. If the centre of gravity of the 
machine be 30 cm. in front of the hind wheels and a. rider whose 
weight is 73 kg. be 20 cm. in front of the hind wheels, find how 
the weight is disti'ibuted on different wheels. 

7. A circular table of weight 50 kg. is supported by three 
legs equally spaced on the circumference. A weight of 40 kg. 
is placed on the table midway between the centre and one leg; 
a weight of 30 kg. is placed on the table one-fourth the way firom 
centre to another leg. Find the force of compression in each leg 
of the table. 

8. A circular table, 6 feet in diameter, weighing 128 pounds, 

rests on three legs equally spaced and each 2 feet from the centre. 
Find the least weight which, when hung at the edge of the table, 
will make tipping impending. (Assume the weight of the table 
to be concentrated at the centre.) [Banaras, 1 955] 

9. Two men hoist a stone of weight 600 lb. at a constant 

speed out of a pit by means of a rope that passes from the stone 
over a pulley directly above it and is then wound upon a wind- 
lass 16 inches in. diameter. If the cranks on the windlass are 
2 feet long, find the force each man must exert perpendicular 
to the cranks. 1957} 

10. A force of 50 pounds acts from the point (0, 0, 0) towards 
Ihe point (3, 4, 0); a force of 120 pounds from (I, 2, 0) towards 
(1, 2, —4); a force of 130 pounds from (2, 3, 4) towards (5, 7, 16). 
Find the resultant of the system. 

Replace the system by an equivalent wrench and determine 
its pitch. [Banaras, \ 

1 1 . Forces P, R, P, Q,, R act along the edges BC, CA, AB, 
AD, BD, CD of a regular tetrahedron ABCD. Show that they are 
equivalent to a wrench of pitch a/2v'2, where a is the length of 
an edge. 

[Hint. Take the six edges of the tetrahedron as six diagonals 
of the faces of a cube of side a/y'2.] 



184 


FORGES IN SPACE 


12. A square trap-door ABCD, capable of turning about 
smooth hinges at A and in a horizontal line, is held ,at an angle 
of 60° with the vertical by a rope attached at C to a point E verti- 
cally above .8. Ifthe weight of the door is 120 kg, w[idBE—BC—2a, 
find the tension of the rope and the reactions at the hinges 
4 and B. 

13. A trap-door, 6 feet by 4 feet, weighing 100 pounds, has 

hinges A and B, one foot from each end of a horizontal 6-foot 
edge. It is held in a horizontal position by means of a cord from 
the mid-point of the free 6-foot edge to a point 4 feet vertically 
above the hinge A. Find the reactions on the hinges and the 
tension in the cord if the hinges are loose so that only the hinge 
4 has a component of reaction parallel to the hinged edge of the 
door. [BanaraSy 1 962] 

14. The given figure represents a lifting device. A load 

of 980 pounds is suspended from a smooth ring on cable BLG and 
produces a sag of 7 feet below the level of BC. Find the forces 
in BC, in the tie AB, and in the stay BE. [Banaras, 1 963] 



15. A rod AB of length I and weight VV is pivoted smoothly 
at one end A and the other end B rests against a vertical wail at 
a distance a from the pivot A. If the coefficient of friction bet- 
ween the rod and the wall is /x, and the rod is in limiting equili- 
brium find the angle which the plane AOB makes with the vertical, 
0 bemg the foot of the perpendicular from A on the wall. 

16. A heavy rod is suspended from two equal vertical strings 
of length I from two points in the same horizontal plane. Show 
that the magnitude of the couple required to keep it turned 
through an angle 9^ in a horizontal plane is 

sin 9&/'\/(/2---4fl® sin^ 

wffiere 2a is the length and W the weight of the rod. 

Show' also that the tension in the strings is changed in the 

ratio 
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CHAPTER XI 

^ PRESSURE OF HEAVY FLUIDS 

11*1. Introdiictioii, Hydrostatics is that branch 

of physical science which deals with the conditions 
under which fluid masses remain in a state of relative 
equilibrium when acted by a system of forces. While 
statics and dynamics deal with the action of forces on 
a solid body, hydrostatics is concerned with the equili- 
brium of fluids (i.e. liquids and gases). 

A fluid is a substance which flows or is capable of 
flowing. To arrive at a rigorous defini- 
tion of a fluid, consider a point P within 
a material and imagine a small plane 
surface A drawn at P inside the mate- 
rial. Then the two parts into which 
the material is divided by the surface 
A, exert equal and opposite forces R 
(Only one of these forces is shown in the figure above.) 
The force R can be resolved into two components 
N and 6', one normal to the surface A and the other 
lying in it. The component N along the normal is 
called the normal force, and the force in the plane 
A is called the shearing force. The shearing force per 
unit area is called the shearing stress. 

The particles of a solid body are linked to each other 
in such a fashion that when shearing forces are applied 
to the body, the particles resist motion relative to each 
other. The particles (or molecules) of a liquid or 
a gas are not linked to each other in this fashion; and 
when forces are applied which create shearing stresses 
inside the material, the particles slide over one another 
and relative motion ensues. So we say thdiX a fluid is 



each other. 



186 PRESSURE OF HEAVY FLUIDS 

a substance which yields to any continued shearing stress 
however small. 

This definition applies to substances differing as wide- 
ly as air, water, molasses and coal tar. The difference 
between these substances can be explained by observing 
that they exert resistances of different magnitudes when 
their particles slide over each other. This property of 
the fluids is known as viscosity, and is of the nature 
of friction. The greater the resistance to relative motion 
offered by a fluid, the larger is said to be its viscosity. 
The resistance appears as a shearing stress opposing the 
relative motion. 

When shearing forces act on a fluid mass, motion 
ensues. Due to this motion shearing stresses opposing the 
motion develop inside the fluid on account of viscosity. 
These dissipate the motion unless the external shearing 
forces continue to act. When there is no motion in 
the fluid, there are no shearing stresses inside it. For 
if there were a shearing stress, motion will ensue. 
Hence there are no shearing stresses in a fluid in equilibrium. 

A perfect fluid is an ideal substance which is inca- 
pable of exerting a shearing stress, whether in motion or 
in equilibrium. Thus the force' on a plane surface in 
contact with a perfect fluid is always normal to the 
surface. Moreover, mo, resistance will be offered by a 
perfect fluid to theTelative motion of its particles. 

Fluids are of two kinds : liquids and gases. A 
liquid (e.g. water or oil) is incompressible or nearly 
so. Its volume changes very little by an application 
of pressure. A gas (e.g. air) is easily compressible and 
changes its volume when the pressure applied to it is 
changed. 

1T2. Fresswe at a point. We have used above 
the term ‘pressure’ without; defining it. As its name 
indicates, pressure means the force or thrust with 
which a surface is being pressed. Its measure is the 
force acting per unit area of the surface. 
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. Let us lake a plane area. A immersed in a fluid and 
surrounding a point on it. We have seen that when 
the fluid is in equilibrium^ shearing forces are absent 
and the forces acting on the plane area are normal to 
it. Let W be the resultant of these normal forces. 
Then JV/A^ the resultant normal force acting on a plane 
are a immersed in a fluid divided by the area, is called 
the mean pressure- on the area. Let us successively take 
■smaller and smaller plane areas surrounding a point P 
inside the fluid. Let id be one of these areas and W 
the resultant normal force acting on it, then the 
limiting value of jY/Aj when the area A tends to zero, 
is called the pressure at the point P. 

We shall now show that the pressure at a point 
•does not depend on the direction in which the plane 
area A is taken. In other words, the pressure at a point 
in a fluid in equilibrium is the same in every direction. 

Proof. Consider an elementary portion of the 
fluid in the form of a right 
triangular prism ABCDEF, 
where AB = hx, AE = Sy, AD = 

BE = and /_ABE — 0, as 
in the figure. 

Let Wand Wi be the result- 
ant normal forces on the 
faces ABCD and BCEF^ and 
let p and /q be the pressures 
■on them respectively; then 

M=pSxEz, 
and pj^Ss Sz-p^SxSzl cos B.i 

The resultant forces on all the other faces of the 
prism are in directions which are perpendicular to JY. 
Therefore resolving the forces- parallel to .Y, we have 
M+T\iSxdyBz = M^cosd, (2) 

where T is the component of body forces (e. g. weight) 




188 PRESSURE OF HEAVY FLUIDS 

parallel to JV", per unit volume, acting on the fluid. 
Substituting in (2) from (1), and dividing by 8x Sz, we get 
p+irsy=p^. 

If SX) Sj and Sz tend to zero, so that the prism shrinks 
to a point, we obtain from the above equation that 

P=A> 

Since the directions of the axes and the value of ^ can 
be chosen arbitrarily, we see that the pressure at a point 
is the same in all directions. 

11-3. Density. The density of a substance is its mass per 
unit volume. Thus if Adf be the mass of a volume F of a subs- 
tance, its density p is equal to MjV, or 
M = pF. 

The units for density are gram per cubic centimetre in the metric 
system and pounds per cubic foot in f.p.s. system. 

If W denotes the weight in absolute units of a mass M of a 
substance, then as in § 3-21, part II, 

W=Mg 

-^PgV, 

where g is the acceleration due to gravity. 

Putting F=1 in the above formula, we see that the weight w 
of unit volume of a fluid of density p is given by 
tv^pg. 

The specific gravity of & substance is the ratio of the density of 
the substance to the density of a standard substance. The subs- 
tance usually adopted as the standard is pure water at the tem- 
perature of 4°C (when its density is the maximum). In metric 
system this density is 1 gram per cubic centimetre. In f.p.s. 
system it is 62-425, or roughly 62-5 pounds per cubic foot. 

Ex. Find the specific gravity of a mixture of three liquids of 
volumes Fj, F,, Fg, and specific gravities jg. 

Let p be the density of the standard substance. Then the 
densities of the three liquids are s^p, s^p, s^p; and their masses are 
Therefore the mass of the mixture 

and its volume is Fi-j-Fg+Fg. ^ 
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Hence the density of the mixture is 

(ViSt+V,s^+l^s^)p~^^ 
and its specific gravity is 

( 2 + / (f' j + la d- F3) . 

11 “4, Pressure in a heavy fliiidl. We shall now 
establish two theorems for determining the pressure 
inside a fluid which is in equilibrium under the action 
of gravity. In this case the only external force acting 
on the fluid is its weight. 

(i) In a fluid in equilibrium under gravity^ the pressures 
at any two points in the same horizontal plane are equal. 

Let B ht any tw^o points in the same horizontal 
plane and let the straight line ABXit wholly in the fluid. 
Describe a thin cylinder with AB 

as axis and plane ends normal to — 

AB. Consider the equilibrium of : 

the fluid contained in this cylinder 
and resolve the forces acting on it ““ ^ ' 

in the direction AB, ' The only forces having a com- 
ponent in direction AB are the forces on the plane 
ends. Hence the forces on the two plane ends are 
equal. But the areas of the two plane ' ends are equal. 
So the mean pressures on the two plane ends are 
also equal. Taking thinner and thinner cylinderSj 
w^e see, therefore, that the pressure at A is equal to the 
pressure at J5. 

(ii) In a homogeneous fluid in equilibrium under gravity 

the dijference between pressures at two points is equal to the 
diflerence between their depths multiplied by the weight of 
unit volume of the fluid. . ; , 

Let /], B be two points inside the fluid in the same 
vertical line at distance d from each other. Describe 
a thin cylinder of cross section a with AB as axis and 
horizontal plane ends at T and .5.. Let p and p' be 
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parallel to jV, per unit volume, acting on the fluid. 
Substituting in (2) from ( 1 ), and dividing by 8x we get 

p-{-iTSy=pi. 

If Sy and Sz tend to zero, so that the prism shrinks 
to a point, we obtain from the above equation that 

p^p^. 

Since the directions of the axes and the value of 6 can 
be chosen arbitrarily, we see that the pressure at a point 
is the same in all directions. 

11'3. Density. The density of a substance is its mass per 
unit volume. Thus if M be the mass of a volume F of a subs- 
tance, its density p is equal to M/F, or 
Af = />F. 

The units for density are gram per cubic centimetre in the metric 
system and pounds per cubic foot in f.p.s. system. 

If W denotes the weight in absolute units of a mass M of a 
substance, then as in § 3*21, part II, 

W==Mg 

where g is the acceleration due to gravity. 

Putting F= 1 in the above formula, we see that the weight w 
of unit volume of a fluid of density p is given by 
w=^pg. 

The specific gravity of a substance is the ratio of the density of 
the substance to the density of a standard substance. The subs- 
tance usually adopted as the standard is pure water at the tem- 
perature of 4°G (when its density is the maximum). In metric 
system this density is 1 gram per cubic centimetre. In f.p.s. 
system it is 62'425, or roughly 62’5 pounds per cubic foot. 

Ex. Find the specific gravity of a mixture of three liquids of 
volumes Fj, Fo, Fg, and specific gravities ^ 1 ,^ 2 , j-g. 

Let p be the density of the standard substance. Then the 
densities of the three liquidS; are J^p, s^p, s^p; and their masses are 
VjSip, V 2 S 2 P, Fgi'gp. Therefore the mass of the mixture 

*= Fi^iP -bFgfgP + Fg^p, 
and its volume is Fid-Fg-l-Fg.': 
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Hence the density of the mixture is 

( FiJ-j 4 - F2X2 + ^ Vs) P d- ( Fj + Fg -f Fg) , 
and its specific gravity is 

( Fi-Ti + Fg^a + Fs^g) / ( P j -j- F3 -f- Fs) . 

11‘4. Pressure in a heavy flaid. ,We shall now 
establish two theorems for determining the pressure 
inside a fluid which is in equilibrium under the action 
of gravity. In this case the only external force acting 
on the fluid is its weight. 

{i) In a fluid in equilibrium under gravity, the pressures 
at any two points in the same horizontal plane are equal 

Let A, B hQ any two points in the same horizontal 
plane and let the straight line lie wholly in the fluid. 
Describe a thin cylinder with AB 

as axis and plane ends normal to - — > 

AB, Consider the equilibrium of • 

the fluid contained in this cylinder _Td:dT’_Lr~L.~l~dr’ 
and resolve the forces acting on it ~ 

in the direction AB. ‘The only forces having a com- 
ponent in direction AB are the forces on the plane 
ends. Hence the forces on the two plane ends are 
equal. But the areas of the two plane' ends are equal. 
So the mean pressures on the two plane ends are 
also equal. Taking thinner and thinner cylinderSj 
we see, tbereforCj that the pressure at A is equal to the 
pressure vd B. 

(ii) In a homogeneous fluid in equilibrium under gravity 
the difference between pressures at two points is equal to the 
difference between their depths multiplied by the weight oj 
unit volume of the fluid. , . 

Let A, B be two points inside the fluid in the same 
vertical line at distance d from each other. Describe 
a thin cylinder of cross section .a iwith as axis and 
horizontal plane ends atid :and j^.. Let p- and // be 
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the pressures at A and B and let w be the weight 
of unit volume of the fluid. 

Consider the equilibrium of the fluid 
contained in the cylinder. The vertical 
forces acting on it are the forces pa,p'a on the 
plane ends at A and and the weight wad 
of the cylinder. Equating these, we get 

p'aA'Wad—pa, 
or p—p' = wd. 

When ^ and B are not in the same vertical line we can 
take a point C vertically below B and in the same hori- 
zontal plane as .d. Then by(i), the pressure at A is same as 
the pressure at C. Also the diffe- 
rence between pressures atC and 
B is equal to where d=BC. 

It is easily seen that the 
theorem is true even in cases 
where a more complicated set 
of horizontal and vertical lines 
are needed to join A and B as 
in the marginal diagram. 

11*5. Pressure at deptli d. The above theorem 
shows that the pressure at a point inside a liquid of 
weight w per unit volume at a depth d below the 
surface is . 

wd 

on account of the weight of the liquid. This may also 
be written as 

Pgd, 

where p is the density of the liquid and g the accelera- 
tion due to gravity. 

In general, the liquid surface is in contact with 
atmosphere which exerts a pressure due to the weight 
of the air. This pressure, which is approximately equal 
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to tlie weight of a column of mercury 76 cm. higlij varies 
slightly from day to day and also with the height above 
sea level. For practical purposes it is often taken as. 
constant, and denoted by Jl. ', Thus the pressure at the 
surface of the liquid is U due to atmospheric pressure, 
and the total pressure at a depth d below the surface of 
the liquid is ^ 

or Il+pgd. 

Similarly, the pressure at a point below a depth of 
a liquid of density pi and d epth d^ 
of another liquid of density pgj i' 

The pressure of the atmos 
phere is often neglected in 

calculating the pressure at a point. In the following we 
shall consider the pressure due to the liquid alone unless, 
mentioned specifically. ■ 

It is easily seen from -the above that the surface of a heavy- 
liquid is horizontal. For,' i£ A and j 8 are any two points in the 
liquid in the same horizontal plane, and C and D are two points, 
in the surface respectively above A and 5, then 

the pressure at = the pressure at By 
or w.AC—w.BDy 

or AC==BD, 

showing that C and D are also in one horizontal plane. 

For a similar reason, the common surface of separation of 
two liquids is also horizontal. 

Ex. 1. A uniform tube of small. cross- section is bent into the 
form of a circle, whose plane is vertical. Equal quantities of 
fluids, of densities p and a, fill half of .the tube. Show timt the 
radius passing through the common surface makes with the 
vertical an angle 



tan~^ 


PIZZ; 

p-fa- 
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Let AB and B€ be the fluids of densities p and < 7 , each filling 
a quarter of the tube. Let so that 

rests lower than .BC. Let the radius 05 
make an angle 5 with the vertical. Draw N 

the horizontal lines AM,BLB' and O-JV. // 

Now 5 and B' are two points in one If Ij 

.fluid in the same horizontal plane. So the \\ \ ij 

pressures at B and B' are equal. But the M\ Jj 

pressure at B is due to the column BC of xS._-..WA^ 
liquid 0 - and that at 5' due to the column d5' 
of liquid p. Therefore ® 

JNL^g—ML.pg, 

or (<2 sin 0 -l -<2 cos 6)ag— {a cos 0—a sin B)pg, 

where a is the radius o£ the circle. This gives 
(p-l-ff)sin 0= (p-~or)cos 


Ex. 2. In order to determine the pressure of a water supply, 
the main water tap is connected by means of thick tubing to one 
arm of a U-tube containing mercury. If the level of mercury in 
the second arm rises 62*5 cm. above the level in the first, find the 
height of the water level of the supply above the latter level. 
What is the pressure of the water at this level? 

Let A be the surface of mercury in the first arm of the XJ-tube 
and B the surface in the second arm. Let A' be the point in the 
second arm at the same level as A. 

Then the pressures atd and A' are equal. 

The pressure at A is due to the water 
supply. The pressure at A' is due to \\ 
the column A'B of mercury. Therefore T' 

the pressure of the water supply at A p B 

= pgh . ' I 

= 13*6x 62*5 grams weight per sq. cm. I 

= 850 grams weight per sq. cm. f: pj62-5 cm 

If /q is the height of the water level 
of the supply above d, the 

1 .ghi=pgk, - . ; A 

or /?i= 13*6 X 62*5 cm. 

==8*5 metres. 

Npre. A U-tube containing a liquid of known density used for 
measuring the pressure of water or gas supply, is called a 'manometer. 
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the pressure 

the ^ncrease ^s transmuted to eoery otl^r poht^J the 

__ Let A and B be any two points in the liauid 
Describe a tlim cylinder with AB as axis and Xne 
ends of area a normal to AB The ' — _ ^ 
forces in the direction are the ' 

pressures on the plane ends and the ‘ ^ ' 

components of external forces. These 
balance together. If the pressure at 
/I IS no^pncreasedW A an additional force ia will act 
fril ^ylinde/inTqmli- 

Diium an additional force pa must act at B hi the 

pressL?lti™l: 

mci eased by the same amount p 

sists of two cylinders filled with 
water with a tube at the base con- 
necting each other. One of the 
cylinders is of small diameter and 
the other has a large diameter, and 
both are fitted with tight pistons. 

y a force Pi is applied to the smaller piston of area 
“he devdoped is This is transmitted to 

ther^*^ of area a^, and the force P, developed 

to are, however, practical limitations 

strerj^-'-C*^<b '' <^ue to the leakage of water and the 
stierigih oi the cylindrical vessels. 

Rbc. In a diydraulic press the radii of the cvlirdrr. -u- fi 
thSe"d The power is .•iFplicrtar 

. 13 ME 
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Let P be the force applied to the lever and be the force on 
the smaller piston. Then taking moments about the fulcrum^ 
P.60=Pa.5, 

or P^igPi. 

Now, the pressure on the smaller piston 

and the pressure on the larger piston 

==10x1 OOO/tt . 200^ kg. per sq. cm. 

Therefore 

P^ _ lOGOO 
^ . 200 ‘^ ' 


or 


64x10000 

40000 


= 16 kg. 


Hence 




Examples 18 


1. Calculate the pressure due to water at a depth of one 
kilometre below the surface of a lake. 

2. At what depth below the surface of the sea is the pressure 
due to the water metric tonne per sq. cm. Specific gravity of sea 
water is 1’03. 

3. The pressure in the water pipe at the basement of a 
building is 2*7 kg. per sq. cm. and at the third floor it is 1’4 kg. 
per sq. cm. Find the height of this floor above the basement. 

4. The pressure at the bottom of a well is four times that at 
a depth of 2 feet. What is the depth of the well if the pressure of 
the atmosphere is equivalent to that of 30 feet of water? 

5. A vessel whose bottom is horizontal contains 3 inches 
of mercury and water on the top of that to a depth of 24 inches. 
Find the pressure at a point on the bottom of the vessel due to the 
liquids in lb. wt. per sq. inch, given that 1 cu. ft. of water weighs 
62*5 lb. and the specific gravity of mercury is 13" 6. 

6. A layer of oil 25 cm. deep rests on water contained in 
a vessel. Calculate the pressure in dynes per sq. cm, at a point 
30 cm, below the surface of the water, if the pressure of the atmos- 
phere is equal to that of a mercury column 76 cm. high. {Specific 
gravity of oil = 0*92, of mercury = 13’6, g = 981 cm./sec.) 
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7. In the lower half of a uniform circular tube one quadrant 
is occupied by a liquid of density 2p and the other by two liquids,, 
'ivhich do not mix, of densities 3p and p. Prove that the volume 
of the lower of the two latter liquids is twice that of the other. 

8. A closed tube in the form of an equilateral triangle con- 
tains equal volumes of three liquids which do not mix, and is 
placed with its lowest side horizontal. Prove that, if the densities 
of the liquids are in arithmetical progression, their surface of 
separation will be at points of trisection of the sides of the triangle. 

9. The lower ends of two vertical tubes of diameters 2 cm. 
and O’ 8 cm. respectively are connected by a tube. The tubes 
contain mercury of specific gravity 13*6. If 132 c.c. of water are 
poured into the larger tube, by how much is the level of mercury 
in the smaller tube raised? 

1 0. The difference in the levels of water in the two limbs, 
of a manometer connected to a gas supply is 15*6 cm. Calculate 
the pressure of the gas in excess of atmospheric pressure in dynes 
per sq. cm. 

11. A U-tube contains some mercury in the bend, and 
alcohol is poured into one arm to a depth of 20 cm. What depth 
of water must be poured into the other arm to bring the two 
mercury surfaces to the same level ? What depth of water is 
required if the upper surfaces of the water and the alcohol are to 
be at the same level? Specific gravity of alcohol is 0’8, and that 
of mercury 13’ 6. 

12. In a hydraulic press the diameters of the large and small 
pistons arc respectively 25 cm. and 2 cm. A kilogram is placed 
on the top of the small piston; find the mass it will support on the 
large piston. 

13. In a hy^draulic press the area of the larger piston is 600 
sep cm. and that of the smaller one! -5 sq.cm. Find the force 
that must be applied to the smaller piston so that the larger one 
may lift 1 metric tonne. 

14. In a Bramah’s press if a force of i ton wt. be produced by 
an elTort equal to a lb. wt. and the diameters of the pistons be in 
the ratio 8:1, find the ratio of the lengths of the arms of the lever 
employed to work the piston. 

15. A hydraulic lift (on the principle of Bra maids press) 
consists of a rarn of cross-section A and a piston of cn;>.ss-.secLion 
The ram supports a weight W, and the piston is driven into tire 
cistern with a slow uniform motion by an engine of pen or H. 
The friction at the collar of the ram is F, and at the C(4i:u' of the 
piston is F'. Prove that the speed at wivieh IF rises is 
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11®7. Thriist on a plane area. To find the thrust 
on a plane area immersed in a heavy homogeneous liquid. 

Let ^ be a plane area immersed in a heavy liquid 
whose weight per unit volume is w. Consider an elemen- 
tary horizontal strip dA of this area 
whose depth below the surface, of the 

liquid is -c- Then the pressure due — ~ 

to the liquid at any point of this- .T 

element is Therefore, the thrust 

of the liquid on. the element is ‘ d. 

wzdA. 

Summing up over all the elements, we see that the 
total thrust F on the area is given by , 

F=SwzdA: , . (1) 

If ^ be the depth of the centre of gravity of the area 
A below the surface of the liquid, we know that 

- _ fzdA ' ■ ■ 

Therefore 

SzdA^^UrJ . ’...L. 

Substituting in (1), we get 

.... F^.wSA., ,. 

The student should note that the thrust on a plane surface 
depends only on its area and the depth of its centre of gravity. It 
does not depend on the amount 
of lic[uld present in the vessel. 

For example, if we take three 
vessels as in tlic figure, of same 
height and on cc{ual bases, and 
fill them V iib the same liquid, 
the thrusts on the bases will be 
equal even though the liquid 
contained in the vessels are different. The reason is that a part 
of the weiglit of the liquid in the first vessel is supported by the 
sides of the vessel; while in the third vessel the curved s\u'face 
presses the liquid down (see§ 12'I), 
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Ex. 1 . Find the thrust on a triangular area of height h and 
base b, immersed vertically in a heavy liquid with the base in the 
surface of the liquid. 

Here A=si\bh, and^=|A. 

Therefore the thrust 

==\hh^Wi 

where w is the weight of unit volume of the liquid. 

Ex. 2. A square ABCD of side a is immersed in water with 
its plane vertical and the upper side AB at a depth a below the 
surface. Show how to draw a line through A which divides 
the square in two parts the thrusts on which are equal. 

Let the required line be d£, cutting CD in E at distance x 
from D. Then, the thrust on A D£ 

= thrust on ABCE 
= |(thrust on ABCD). 

Now, the thrust on ADE 

The thrust on ABCD = a^{a-\-^a)w=\a^w 
Therefore . 

^ahw=:^{fa^w). 

or x=%a. 



11*8. Centre of Pressure. When a plane area 
is immersed in a fluid, the force exerted by the fluid 
on each element of area acts in a direction perpendi- 
cular to the plane of the area. The magnitudes of the 
forces on the various elements of area vary, depending 
upon the depths of these elements below the surface, 
but the directions of the forces are the same. Hence 
these forces constitute a system of parallel forces which 
can be compounded into a single force. The point on 
the plane area through which the resultant of these 
parallel forces acts, is- called the of the 

area. ’ . - 


To find the depth of the centre ofi pressure of a plane area 
immersed in a heavy homogeneous liauid. 
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Let A be the area immersed in a liquid of weight w 
per unit volume (see figure below). Let dA be an 
element of this area at a depth .e below the surface 
of the liquid. The thrust on this area is wzdA acting 
at a depth Applying the formula for parallel forces 
(§ 10*6, art I), the depth at which the resultant thrust 
acts is given by 

- _ Swz dA.z 

~ SwzdA ’ 

or, replacing the summation by integration, 

- 

^P~]zdA' 

If the area is in a vertical 
surface of the liquid in EF^ the 
depth z is the distance of the 
element from EF. In this case, 
the denominator ^zdA is equal 
to Ah, where h is the distance 
of the centre of gravity of A 
from EF', and the numerator 
[z^dA is equal to Ak^, where i; 
is the radius of gyration of the 
area A about EF. Thus, (1) be 

By the theorem of parallel ax 

where kg is the radius of gyration of A about an axis 
parallel to EF through the centre of gravity G. Substi- 
tuting in (2), this gives 

... (3) 

that is, the depth of. the centre of pressure below G 
is kG^jh. 
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If the area .4 is not in a vertical plane, but in a plane inclined 
at an angle 6 to it, let EF be the line of 
intersection of the plane with the sur- P 

face of the liquid. Let y denote the 
distance of dA from EF, then 
;; =jj cos 6. 

SubstiUition in (1) shows that the dis- 
tance jp of the centre of pressure from £ 

EF, is given by 
- 

■^^~j\ydA h’ 

where is the radius of gyration of A about EF, and A is the dis- 
tance of the centre of gravity of A from EF. 

Ex. 1. Find the depth of the centre of pi'essure of a rectangle 
of sides a and 6, just immersed vertically in a heavy liquid with one 
side of length a in the surface. 

Here, the radius of gyration k about the side a is given by 

Ak^=^lAbK 

Also the depth h of centre of gravity below the surface is ^b. 
Therefore zp=k^lh=^{lb^)im =|6. 

Ex. 2. Find the depth of the centre of pressure of a triangle 
of height h and base b, just immersed vertically in a heavy liquid 
with (i) base in the surface, (ii) vertex in the surface and base hori- 
zontal. . . , y 

(i) If we take a horizontal strip of the 1 ^ 

triangle as our element of area, we see from h 
the figiu’e that its length where 

k is some constant. Therefore 




dA f * z^k{h —z) dz [ * 

,_Jo — I- Jo 

J* zk {h —z) dz ^ 


= ITS i/? 

(ii) In this case dA~kzdz. 
Therefore 
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Note. The above results can be used as standard formulae. 

Ex. 3. A water reservoir has a circular hole of radius a in 
its side which is closed by a circular plate hinged at the top and 
fastened by a catch at the bottom. Find the force exerted by the 
catch when the height of the water surface is h above the centre of 
the plate. 

The total thrust on the circular plate 
~wh . 

The depth of centre of pressure below the surface of water 
^h+kG^lh 

Thus the thrust due to water is TTa%w acting at a point a^jAh below 
the centre of the plate. 

If F is the force exerted by the catch on the plate, we get, 
on taking moments about the hinge, 

TTO^kw^ a = F . 2a, 
or F = ^TTO^ {^h-\-a)w. 

Examples 19 

1 . A cube of 30 cm. edge is immersed in water with its upper 
face horizontal and at a depth 75 cm. below the surface. Find 
the thrust due to water on each face of the cube. 

2. A rectangular tank 2 metres long, 1‘6 metres wide and 
1 metre deep contains water to a depth of 8 crn, Calculate the 
thrust on the 2 m. X 1 m. vertical face due to water. 

3. A hole, six inches square, is made in a ship’s bottom 20 
ft. below the water line. What force must be exerted to keep the 
water out by holding a piece of wood against the hole ? (1 cu. ft. of 
sea water weighs 64 lb.)' 

4. The flat bottom of a vessel is moveable, and has an area 
of 56 sq. cm. The vessel contains mei'cury to a height of 5 cm. 
and above the mercury water to an additional height of 32 cm. 
Calculate the upward force necessary to keep the bottom in posi- 
tion, given that the specific gravity of mercury is 13*6. 

5. A cylinder, sufficiently long to ensure that the upper end 
is ill air, is immersed vertically in sea water (sp. gr. 1*02). The 
lower end of the cylinder is closed by a brass plate (sp. gr. 8*6) 

1 cm. thick and of the same diameter as the cylinder. How far 
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below the surface of the sea water must the plate be immersed in 
order that the fluid pressure will just hold the plate against the 
cylinder? 

6. A square is placed in a heavy liquid with one side in the 
surface. Show how to draw a horizontal line in the square divid- 
ing it into two parts, the thrusts on which are equal. 

7. A parallelogram ABCD is immersed vei'ticaliy in a liquid 
with the side AB in the surface. Show how to draw'' a line from 
dividing the parallelogram into two parts, the thrusts on which 
are equal. 

8. A rectangular area is immersed in a heavy liquid with 
tW'O sides horizontal, and is divided by horizontal lines into strips 
on which the total thx’usts are equal. Prove that, if h, c are the 
breadths of three consecutive strips, 

a{aA-b){b—c)-c{bA-c){a~b). 

9. Find the thrust on a vertical quadrilateral which has 
one side of length a in the surface, and the opposite side of length 
b parallel to it at depth h. 

10. A cone, full of water, is placed on its side on a horizontal 
table. , Show that the thrust on its base is 3 sin a times the weight 
of the contained fluid, where a is the semi-vertical angle of the 
cone. , , , , ^ 

11. An open circular Cylinder, 3 feet long with circular base 
of radius 5 inches, contains water to a depth of 2 feet. It is tilted 
about a point on the rim of its base until the water is oh the point 
of running out. Find the thrust on the base. ' [Banaras, 1955] 

12. A rectangular box is half filled with water and the remain- 
ing half with oil. If the oil be half as heavy as water, show^ that the 
total thrust on a side of the box is one fourth greater than, it would 
be, if the box were filled with oil only. 

13. A flat triangular plate is immersed in w-ater in a vertical 

position. The base is horizontal and 6 feet below the surface. 
The vertex is 2 feet below the surface. Find the depth of the centre 
of pressure. [Bmim’as^ 1957] 

14. Find the centre of pressure of a vertical circular area of 

radius a immersed with its centre of gravity at a deptii h l)eiow the 
free surface. ; . [AW.'v'r, 1961] 

15. A rhombus is immersed in a liquid with vertex in tiic sur- 
face and the diagomrl through the vertex vertieal. , Prove that the 
centre of pressure divides the diagonal in the ratio ,7 :5. 

[Ai2;it2?<7n 1963 ] 
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16. Prove that the depth of the centre of pressure of a tra- 
pezium immersed in water with the side a in the surface and the 
parallel side & at a depth r below the surface is 

(Si)5’ [Banaras,\m] 

17. A quadrilateral is immersed vertically having two sides 
of length 2(3, a parallel to the surface at depths /z, 2h respectively. 
Show that the depth of the centre of pressure is |A. 

18. Find the position of the centre of pressure on a circular 
gate, 4m. in diameter placed with its centi'e 4m. below the water 
surface and in a plane inclined at 45° to the vertical. 

1 9. An ellipse is just immersed in a fluid with its major axis 
vertical. Show that if the centre of pressure coincides with a focus, 
the eccentricity of the ellipse is |. 

20. In the vertical side of a vessel containing water there is 
a square trap door, opening freely outwards about a hinge in its 
upper edge, two sides of the square being horizontal. The length 
of the side is 3 cm., and the depth of the hinge below the surface 
of the water is 9 cm. Find the least force (in grams) that will 
keep the trap door closed. 

21. A tunnel, of rectangular section, of height A, is closed 
by a heavy uniform metal door, inclined at an angle a to 
the vertical, and swung on hinges along the roof of the tunnel. 
Show that if the door is to open automatically just when the 
level of water in the tunnel rises to the roof, the weight per unit 
area of the door must be ^wh cosesc a, where w is the weight of 
unit volume of water. 

22. A circular flap, 2 feet in diameter, is used to close a hole 
in the side of a tank; it is kept in place by bolts at the highest and 
lowest points of the flap. Calculate the forces on these bolts when 
the water is 5 feet above the top of the flap, taking the weight of 
a cubic foot of water to be 62’5 lb. 

11*9. Water Gates and Dams. The applications 
of fluid pressure in engineering practice are found 
in water gates and dams. A water gate is a gate put 
in a canal to regulate the flow of water. The winter 
level in the canal may be different on the two sides of 
af, water gate. A water gate is of sturdy construction 
and is generally made of iron. In some cases the 
water gate opens in two parts about vertical hinges at 
its sides. In other cases, it can slide up and down 
in vertical guides. 
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A dam is an earth or concrete structure designed to 
prevent a large expanse of water escaping away. A dam 
can be regarded as a rigid body, free to slide as a whole 
along the surface on which it rests, or to turn about 
an edge under the action of the fluid pressure on one 
side of the dam. A dam should be made sufficient- 
ly heavy and broad based so as to withstand both 
sliding and overturning. 

The following examples illustrate some of the 
engineering applications of fluid pressure. 

Ex. 1. A rectangular lock gate, 3 metres wide and 6 metres 
high, is hinged at the upper 3-metre edge and rests against a sill 
at the lower edge. Water stands 4 metres high on the sill side and 
5 metres high on the other side above the bottom of the gate. Find 
the magnitude and position of the resultant thrust, the force on the 
sill and the reaction at the hinge. 

The centre of pressure for a rectangle just immersed in water, 
is from the surface of the water, or 

from the bottom, where h is the 
height of the rectangle. 

The thrust F-^ on the lock gate due 
to the water on the sill side in given by 
jPj X 2 X 4 X 3 

—24 metric tonnes, 

since I cubic metre of water weighs one 
metric tonne. Al ^cts at i.e. f 

metres above the bottom 0 of the gate 

The thrust on the other side is 

Eg ==iy X I X 5X 3 
= 37’ 5 metric tonnes, 
and acts at i.e. f metres above O, 

Therefore the resultant thrust R 

=F2-Fi = 37*5-24 

= 13’5 metric tonnes. 

Let a; be the height above 0 of the line of action of R , then taking 
moments about 0, we have 

Fx=F„.#-F, .4. 




204 


PRESSURE OF HEAVY FLUIDS 

or 13-5« = 37*5x-|-24x-t, 

whence ^==i^ metres = 2 "25 9 metres. 

Let Rj_ and be the reaction at the hinge and the force on the 
sill respectively, then 

i?^+i?o = i2=13*5. 

Taking moments about 0. 

i?j.6 = i2x=13-5x|f 

Therefore Rx = - ==5*08 metric tonnes. 

2?^= i 3*5— 5‘ 08 =~ 8*42 metric tonnes. 

Ex. 2. The vertical cross-section of a concrete dam, 50 feet 
high, is a trapezium, 5 feet wide at the top and 20' feet wide at the 
bottom, as shown in the figure. 


The material of the dam weighs 150 pounds per cubic . foot. 
How high can water stand against the 
vertical face without overturning , the 
dam ? If the coefficient of friction be- 
tween the material of the dam and the 
surface on which it rests be. O' 8, how 
high can water stand without causing 
the dam to slide? One cubic foo,t of 
water Weighs ,62'5, pounds. 

Consider a vertical slice of the 
dam, one foot long. Let the watei' stand 
h feet high. - , , ■ . 

The thrust on this slice is, , 





= 31 *25^2 lb.,, ... (1) 

and it acts at feet above the base.of the dam. 

The weight of the slice is 

ir^i(5-f20)50xl5G 

^ .... ( 2 ) 

The distance of centre of gravit 'r of the scctioa from the 
vertical face is 
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._5x50x5/2+|x50x 15(5+5) 
a; - -|(5_^20)x50 

When the clam is on the point of turning over about the outer edge 
A, the total reaction on the dam of the earth’s surface acts at A. 
Taking moments about the edge A, we have 

FxiA=F1^(20-K), 

or 31-25^2xp=:625x 150x13, 

or /?3 = 60x 150x13, 

or ' ^ A=:48-9ft, 

If the clam is on the point of sliding, the force of water is 
balanced by the limiting frictional resistance, 

i.e. F^-SR^-SIV, 

or 31‘23F = -8x625xi50, 

or A2= 15x150, 

or ife==49ft. 


Examples 20 

1. A rectangular lock gate is 10 feet wide. The height of 

water above the bottom of the gate on one side is 8 feet and on the 
other side 6 feet. Calculate in pounds weight the thrust on each 
side of the gate and indicate in each ease the height, of the centre 
of pressure. What is the resultant thrust on the gate and at what 
height above the bottom does it act? (Weight of 1 cu. ft. of water 
is 62'5 lb.) [Bamras, 1954] 

2. A sluice gate, tvhen closed has water on both sides. The 
width of the gate is 10 metres. The level of water on one side of 
it is 6'4 metres and on the other side 4' 8 metres from the base 
of the gate. Calculate the resultant thrust and the distance, 
measured from the base, where it acts. 

3. The flood gate on a power dam- is a rectangle 10 feet high 
and 12 feet long, and can slide up and down on four rollers, one at 
each corner of the gate. Calculate the reaction on each roller 
when tlic upper edge of the gate is 15 feet below the surface of water. 

1961 ] 

4 . A vertical sluice gate, 3 m. high and 9 m. long, weighs 
8000 kg. If the coefEcient of friction between , the gate and the, 
slots in which it slides is 0*25, what lifting force would be needed 
to open it w+cn water stands even with its top on one side? . 



206 


mESSURE OF HEAVY FLUIDS 


What lifting force would be required to raise a submerged gate 
having the same dimensions as that of the above problem if its 
top is 3 m. below the water surface? 

5. The gate of a lock is 10 ft. wide and 18 ft, deep and it has 
the pressure due to 15 ft. of fresh water on one side and 10 ft, of 
sea water on the other side. Find the magnitude and the position 
of the resultant thrust on the surface of the gate. (Fresh water 
weighs 62*5 lb. and sea water 64 lb. per cu. ft.) 

[Banaras^ 1962] 

6. Two lock gates, each 5 metres wide, are closed across a 
canal, so that each makes an angle of 30° with the line joining their 
hinges. The depth of water on one side is 4 metres and on the other 
2 metres. Find the force with which the two gates press on each 
other. 

7. The gate, a cross-section of which is shown in the figure, 
is 2 m. wide. Find the thrust and the distance of the centre of 
pressure from the hinge (i) on the right surface of the gate; (ii) on 
the left surface of the gate, (iii) Find the vertical force at D required 
to open the gate, neglecting its weight. 



8, The dam of a reservoir is 200 metres long and its lace 
to^vards the water is rectangular and inclined at 30° to the horizon. 
Find the thrust acting on the dam when the water is 1 0 metres deep. 

9. The l^ed of a canal is a horizontal plane and its banks are 
planes, each inclined at 45° to the bed, 20 feet apart at the bottom. 
Calculate the thrust on a length of 1 foot of the bed of the canal 
due to a depth of 8 feet of water. Compare this with the weight of 
water in the canal per foot length. Account for the difference, 

[Bancaas, 1958] 
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10. A vertical masonry dam is in the form of a trapezium 
300 feet long at the top. 100 feet long at the bottom and 230 feet 
high. What pressure must it withstand when the water stands 
up to the top? Locate the position of the resultant force. 

11. A gravity dam 9 metres high has a trapezoidal cross- 
section 3 metres wide at the top and the side facing the water 
vertical. If the dam be made of concrete of specific gravity 2'55 
find the minimum width b at the base for which the dam will have 
a factor of saftey 2 against overturning when the water stands 
up to the top. 

[Hint. Factor of saftey is the ratio of the thrust which would 
just overturn the dam to the thrust which actually acts on the dam. 
Thus the moment of the weight of the dam about the outer edge 
equals double the moment of the thrust.] 



CHAPTER XII 


THRUSTS ON CURVED SURFACES. FLOATING ’ 
BODIES j 

■ 12*1. Vertical Tferiist om a Curved Surface. | 
Wiien a curved surface is immersed in a heavy fluid, | 
the thrusts on the various elements of the surface act i 
normal to the element, and so act in different directions. 
Hence the resultant thrust on the curved surface may 
not be a single force but may be a force and a couple. | 

Whereas we may not be able to find the couple easily, | 
we can always find the vertical component of the resul- | 
tant thrust, and its component in any given horizontal 
direction. | 

Let S be the curved surface on which the thrust is : 
to be calculated, and let ABCD be the curve bounding it. 
From every point on 
this curve draw 
vertical lines cutting 
the surface of the 
fluid in the curve 
A'B'C'D'. These lines 
form a cylinder. Con- 
sider the equilibrium 
of the fluid enclosed 
within this cylinder 
between A' B'C'D' and 
the surface S. The 
only vertical forces 
acting upon this 
fluid are the weight 
of the fluid and the 
vertical component 
of the reaction ex- 
erted by the surface d* upon the fluid. Hence these 
must be equal and opposite to each other. But the 
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reaction exerted by the surface S on . the fluid is 
equal and opposite to the thrust exerted by the 
fluid upon S. Therefore the vertical component 
of the thrust on S is equal to' the weight of the 
fluid enclosed in the cylinder between S and the 
surface of the fluid. This enclosed fluid is known, 
2^.?, tliQ superincumbeM 

111 some cases (e.g. the one shown in the marginal 
figure), there is fluid belmv the surface S but no fluid 
above it. In such a case 
we still draw the vertical 
lines from the bounding 
curve ABCD, to cut the 
plane of the fluid surface 
in A'B'C'D'. The vertical 
component of the thrust 
on surface S' is equal to 
the weight of the fluid 
which would occupy the 
so formed cylinder from .S' 
to A'B'C'D', and will act 
upwards. The reason is 
that in this case also the 
jiressure at any point of 
the surface is proportional to the depth of the point 
below the surface of the fluid, only the liquid is pressing 
the surface upwards. 

Care should be taken in cases where the surface S 
bends upon itself, so that the fluid is above a part S\ of 
tlie surface and below the remaining part In such a 
case the superincumbent fluid for .Sj and S., sliould be 
found separately. The vertical thrust will be (‘qual 
to the weight of the difference of the two. 

Note. If the fluid is a liquid with aliiios[)lier 
above it, llien trie vertical component of thrust on S 
is equal to the weight of the supenncimibent liquid 
plus the force due to atmospheriG pressure on Ai'B'C'D'. 

■ 14 ME . 
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Ex. A conical wine glass is filled with water and placed in an 
inverted position upon a table. , Show that the thrust of the water 
upon the glass is two-thirds of that upon the table. 

Let the height of the cone be h and the radius of its base r. 
When the glass is placed in an inverted position on the table, tiic 
surface in contact with water is 
the circle ABC of area 7rr-. Its 
depth below the water surface is h. 

Hence tiie thrust on it 
■=Tn%w, 

where w is the weight of unit 
volume of water. 

If we draw vertical lines through 
points on the circle ABC, we get 
a circular cylinder which cuts the 
horizontal plane through the vertex V in another circle DEE. 
The fluid superincumbent on the cone is the fluid which would 
fill the cylinder ABCDEF above the cone VABC. Hence the 
thrust of water on the wine glass 

= weight of the superincumbent fluid 
=K;(volume of cylinder— volume of cone) 

= w {jriEh — ^Trr^h) = I TvrViw 
= |(thrust on the table). 

[The student will note that the weight of the water inside the 
cone is only one- third of the fluid thrust on the table. The remain- 
ing two thirds of the fluid thrust is due to the downward thrust 
exerted by the wine glass on the water. This, of course, is ecpial 
and opposite to the thrust exerted by the water on the wine 
gia.ss. I'he ^vine glass must be of sufficient weight to sustain this 
thrust, otherwise it will rise and the water will escape from the sides.] 

12*2. Horisoiitai Tliriist. To find the component 
of thrust in a given horizontal direction on a surface mutiersed 
in a heavy fluid. 

Let the immersed surface S be bounded by the curve 
ABCD. Through every point of the bounding curve 
draw lines parallel to the given horizontal direction. 
These lines form a cylinder, which cuts a vertical plane 
perpendicular to the given direction in the curve 
A'B'CD'. 
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Consider now the equilibrium of the fluid enclosed 



within the cylinder between the surface *5* and the 
plane A^B'C D' . The only horizontal forces acting on 
this fluid mass in the direction AA' are the component of 
the reaction of S and the thrust of the fluid on A'B'C'D'. 
These must be equal and opposite to each other, and 
must act in the same straight line. But the reaction 
of S is equal and opposite the thrust of the fluid on -S'. 
Hence the horizontal component of the thrust on the 
surface S is equal to the fluid thrust on the area 
A^B^C'D'. Since this is a plane area, the thrust on it 
can be calculated by the method of § 1T7. It shoiiki 
be noted that the area A'B^C'D' is the projection of 
the surface S on a plane perpendicular to the given 
direction. 

Corollary. The horizontal thrust in any direction 
on a closed surface immersed in a heavy fluids is zero. 

The closed surface can be divided into two parts the 
projections of wliich on a plane perpendicular to the 
given direction are the same. Therefore the horizontal 
thrusts on the two parts are equal and opposite, and the 
resultant thrust on the closed surface is zero. 

Ex. A horizontal trough is semi-circular in section and is- 
hlled with water rvhose weight is W. If the trough is imagined 
to be divided into tw’O halves along the middle, show that the 
water will tend to push them apart horizontally with a force JVItt. 
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Let the trough be ABCEFG, of length / and radius a. Then 



the weight of the water contained in the trough is 
W=^7Ta^lw. 

The horizontal thrust on half the curved surface 
%viil be in the direction CA. The projection of the surface ABFE 
on a plane perpendicular to CA is DBF H. The thrust on this area 
— a!.-la.w = ^aHw=WjTT. 

Hence the horizontal thrust on half the curved surface is also 
equal ,to IT/w. 

12*3. , Resultaat By finding the vertical 

thrust V on a curved surface immersed in a heavy 
fluid, and the components Hi, H^, of the thrust in two 
mutually perpendicular horizontal directions we can 
find the magnitude of the resultant thrust R by com- 
pounding them. Thus 

The lines of action of these components can also 
be found. It is easily seen that the vertical component 
of thrust on a curved surface will act through the centre 
of gravity of the superincumbent fluid. Similarly, 
the horizontal component of thrust in any direction 
will act throiigh the centre of pressure of the projection 
of the surface on a vertical plane perpendicular to this 
direction. [A'B'C'D' in the figure on p. 211). If the 
lines of action of the three components V, Hi and H» 
meet at a point, tlie resultant thrust reduces to a single 
force. If they do not meet at one point the resultant 
reduces to a force and a couple. 

'When the curved surface is such that its bounding 
CAirve lies in a plane, we can obtain the resultant thrust 
more simply by the application of Archimedes principle. 
This is given in the next section. 
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12*4» Principle of AreMmedeSo When a bodv is 
wholly or partially immersed in a heavy fluid at rest the rhid- 
ta?it thrust of the fluid on the body is equal and opposite to the 
imight of the fluid displaced by the. body, and acts through the 
centre of gravity of the displaced fliiicL 

Proof. Suppose the body is removed and the sp-ace 
filled with fluid of the same nature as that surrouiidiiig 
the body. Since the pressure ■ at any point in the 
original fluid depends only .on the depth 'of the pcaui 
below the surface, it is unaltered by diis substitution. 
Hence the same resultant thrust as was acting on tlie 
body, now acts on the fluid replacing the bcxly. But 
this added fluid, together with the surrounding fluid, 
would form one continuous mass at rest under gravity. 
Therefore the resiiitant thrust is balanced by the 
external forces acting on the fluid which now fills 
the space formerly occupied by the body, namely its 
weight. Hence the resultant thrust on the body is equal 
and opposite to the weight of the. fluid which would 
fill the space occupied by the body, and acts through its 
centre of gravity. This amount of fluid is designated 
by the name ‘‘displaced fluid”. 

The resultant fluid thrust on the body is called the 
force of buoyancy', and the centre of gravity of the displaced 
fluid, through which this force acts, is called the 
ce7itre of buoyancy. 

The followdng example would show the use of the 
principle of Archimedes in finding the resultant tlirust 

on a curved surface which is boun- __ ^ , v.. 

dec! by a plane curve. _ . 


Ex. A hemisphere of radius a is immer" 
sed in a liquid of density p with its plane 
base vertical and centre at depth fl\/5 
below the surface. Show that the resultant 
force on the curved surface is l^’irpga^, and 
that its direction makes an angle 
tan-i 

with the horizontal. 

Let P be the thrust on the plane base 
and R the resultant thimst on the curved 



surface at an angle B to the horizontal. ' - 


■P 
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The I’csukant of these two forces is the upthrust F, which by 
Archimedes’ principle is equal to the weight of fluid displaced by 
the hemisphere. Thus 

V=-^^Trpga^. 

P — TTO^.pg.a^^/d. 

Rcos 6 — P~ 7r-\/5 pga^, 

R sin 6 = F= fTrp^a'h 

R^7^7rpga^; 

2 2 
" " 3 ^ 5 " '^ 5 ' 

Examples 21 

1. A hollow cylinder closed at both ends is filled with water 
and held with its axis horizontal. Find the vei tic al thrust on the 
lower half of the curved surface. 

2. A hemispherical bowl filled with water is inverted and 
placed with its plane base in contact with a horizontal table. Prove 
that the vertical thrust on the bowl is one-third of the thrust on the 
table. 

.S. A hollow cone of height /?, closed by a base of radius r, 
is filled with water and held with its axis horizontal. Find the resul- 
tant vertical thrust on (i) the upper half, (ii) the lower half, of the 
curved surface. 

4. A heavy conical cup is placed with its vertex upwards 
on a smooth horizontal plane, and water is gradually poured in 
through a hole in the top. If the weight of the cup is 5/8ths of 
the weight of water which would just fill it, prove that the cup 
will be on the point of rising from the plane when the water 
has reached half the height of the cup. 

5. A double funnel is formed by joining two equal hollow 
cones at their vertices and stands on a horizontal table with tlie 
common axis vertical. Liquid is poured into the funnel until its 
surface bisects the axis of the upper cone. If the liquid be on the 
point of escaping between the lower cone and the table, prove 
that ilic weight of either cone is to that of the liquid which it can 
hold as 27:16. 

6. A conical vessel contains enough fluid to fill it to a depth 
equal to half the depth of the vessel. If the vessel be inverted 
on a horizontal table and no fluid be allowed to escape, find the 
ratio in which the resultant thrust on the curved surface of the 

alfpred. [Rooi'kee, 1961] 


Also 

Therefore 

and 

Hence 

cr 

and 
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7. A solid cone of height h and radius of base r. is just 
imniersed with its axis vertical and vertex downwards in a liquid '. »f 
density p. Find the resultant hDiizontal thrust on lia'ii’ t.u’ ilic 
curved suriace cut off by a plane through the axis. 

8. A hollow right circular cone filled witli liquid is held svidi 
its axis vertical and veidex downwards. Find the inagaliude and 
the line ol action of the resultant fluid thrust on halftiic suri'acc i>f 
the cone cut off by a vertical plane through its axis. [RuOficcv. 1 963] 

9. ^ A hollow right circular cylinder is filled uitii liquid and 
held with its axis horizontal. Find the magnitude ami the lisiC of 
action of the resultant thrust on half the curved smiacc cur olTby 
a vertical plane through the axis. 

10. A hemispherical bowl is lilied witli v/ater. Fim! the 

horizontal fluid pressure on one half of the surface dit’ided by ;i 
vertical diametral plane, and show that it is I/tt times the resu’iant 
fluid thrust on the whole surface. [AW/ar, 19(52] 

11. The end of a. horizontal pipe is closed by a sphere <jf the 
same radius as the interneil section of the pipe. The sphere is 
hinged at the highest point. If the pipe is just full of liquid of 
density p, prove that the moment about the hinge of the liquid 
pressure on the sphere is gprrfd. 

12. Removable gates used for river control frequently have 

the form of cylindrical drums. Determine the magnitude and line 
of action of tlie hydrostatic force on a drum gate 2 ‘5 metres 
in diameter and 9 metres in length when the water level is at the 
top of the gate. [Roorkee^ 1964] 

13. A spherical shell formed of two halves in contact along 

a vertical plane is filled with water. Show that the restdiant 
thrust on either half of the shell is Iv'lS of the total weight of the 
liquid, , 

14. A solid sphere of density p is placed at the bottom of a 
vessel which is horizontal, and a liquid of density ct( < p) is poured 
in so as just to cover up the sphere. The sphere is then cut along 
a, vertical diametral plane. Prove that the two parts will not 
separate if 4a^p. 

15. A solid hemisphere is immersed in a liquid with the liighest 
point of its plane base in the surface, and the base inclined at tan“^ 2 
to the horizon. Show that the resultant thrust on the curved 
surface is equal to twice the weight of the displaced liquid. 

16. A right circular cone is filled with water; it is then closed 
and laid on a table with a generating line in contact with it. Find 
the resultant vertical and , horizontal thrusts upon the cur\’ed 
surface. 
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12*5= Eqiiilifoiriiatiffi of a Sc&atiiig body. When a 
body floats freely in a fluid the only forces acting on 
it are its weight and the resultant thrust of the fluid on 
it. For equilibrium these two must be equal and 
opposite to each other and must act in the same straight 
line. Since by the principle of Archimedes, the .latter 
force is equal and opposite to the weigdit of the fluid dis- 
placed by the body, it follows that in equilibrium the 
weight of a floating body . is equal to the weight of the 
fluid displaced by it, and that the centres of gravity of 
the body and the displaced fluid are in the same vertical 
line. 

If p is the density of the floating body and V its 
volume, its weight is pgV. Let p' be the density of the 
fluid and V' the volume of the displaced fluid. Then 
p'gV' is the weight of the displaced fluid. Hence, for 
equilibrium, 

p'gV' = pgV, 

or F = 

P 

Since V' ^ F, the solid will float in the fluid only 
if p^p'. 

When a. body floats partly immersed in one fluid 
and partly immersed in another, we see by a similar 
reasoning that for equilibrium the weight of the body 
must be equal to the combined weight of the displaced 
fluids, and must act through the resultant centre of 
gravity of the whole displaced fluid. 

12*6. Body floating imder constraint. When 
a floating body is free to turn about a fixed point, there 
arc three forces acting on the body. These are 

(i) the weight of the body acting through its cen- 
tre of gravity G. 

(ii) the force of buoyancy acting through the centre 
of gravity <5^ of the displaced fluid and 
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(iii) the reaction at the fixed point 0. 

Since the first two forces are vertical, for ecjuili- 
brium the third force also must be vertical and the 
points 0, (?j G' must be in the same verticah plane. 
Taking moments of the forces about 0, wdll generally 
give the condition of equilibrium. 

We can similarly consider the equi ibrium of a 
floating body suspended by a string attached to one 
of its points. In this case the third force will be the 
tension of the string, and equilibrium will be obtained 
only when the string is vertical. 

Ex. A uniform rod capable of turning about one of its ends, 
which is out of water, rests inclined to the vertical position ^vi? h one 
third of its length in water. Pi'ovc that its specific gravity is 5/9. 

[Roorkee, 1963] 

Let s be the sped fie gravity of the rod and V its volu me. Then 
the volume is immersed in 
water. Let w be the weight of 
unit: volume of water; then the 
forces acting on the rod are its 
weight swV, the force of buoyancy 
and the reaction R acting at 
the end A. If the length of the 
rod is 6//.) the weight acts at dis- 
tance 3a from A, and the force of 
buoyancy at distance |(^x6a) 
from B, i.c. 5a from d. 

Taking moments about we have 

swV . 3a = ^wV . 5a, 
or > = §. 

Examples 22 

1. A cylindrical vessel, one end open, dianicier 

100 cm., floats vertically, with closed end uppermost, iji waicr. 
Neglecting the thickness of the walls, find the weight of the vessel 
if the le\Tl of water outside is 30 cm. higher than the Icvf'I inside. 

2. A tank with vertical sides is 1 m. square in cro^s-scct ion 
and 3 m. deep, and is filled to a depth of 2 m. with water. By l-som 
much, if at all, will the pressure on one side of the tank be changed 
if a cube of wood, specific gravity 0-5, measuring 40 cirs on an 
edge be placed in the water so as to float with one face horizontal ? 
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3. A solid cone has its axis of length /z and is of density p; 
if it floats in a liquid of density a{> p), find how much of its axis 
is out of the liquid when the vertex is (i) upwards, (ii) downwards, 

[Roorkee. 1954] 

4. A man whose weight is 80 kg. and whose specific gravity is 

i'l, can just float in fresh water with his head above tiie surface 
by the aid of a piece of cork which is w'holly immersed. Ha\'ing 
given that the volume of his head is one-sixteenth of his wliule 
volume and that the specific gravity of cork is 0*24, find the volume 
of the cork. [Banaras, 19Q2] 

5. A balloon of volume P" contains a gas whose density 

is to that of air at the earth’s surface as 1:15. If the envelope 
of the balloon be of weight te but of negligible volume and the 
density of the air be o- find the acceleration with which it will begin to 
ascend. [Roorkee, 1962] 

6. A cone of radius a and density p, floats with its axis hori- 
zontal in a liquid of density double its own. Find the thrust 
on its base and prove that, it 6 be the inclination to the vertical 
of the resultant thrust of the curved surface, and a, the semi- 
■ vertical angle of the cone, then tan 0= ( 4 / 77 ) tan a. 


7. A solid circular cone of uniform material and of height h 

and semi- vertical angle a, floats in ^vater with its axis vertical 
and vertex downwards and a length h' of its axis immersed. The 
cone is bisected by a vertical plane through its axis and the two parts 
are hinged together at the vertex. Show that the two parts will 
remain in contact if sin^ a. 

8. A rectangular block of wood 40 cm. in depth and of speci- 
fic gravity 0*9, floats in water with its upper face horizontal. Oil 
of specific gravity 0*6 is poured on the water till the block is com- 
pletely immersed. Show that the wood will rise through 6 cm. 

9. A right circular cone of density p floats just immersed with 
its vertex downwards in a vessel containing two liquids of densities 
o'.j and aa (cri> CTo). Show that the plane of separation of the two 
liquids cuts off from the axis of the cone a fraction 

length. 

10. A ship sailing from the sea into a river sinks through 
a distance and on unloading a cargo of weight P there, liscs 
through a distance c. Show that the weight of the ship after 
'unloading is 


bar 

.^(o— p)' 



where c and p are the densities of sea and river water respectively- 
The sides of the ship are assumed to be vertical at the water level. 
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11 . A steamer in going from salt water into fresh water ’.\'as 
observed to sink 5 cm. but, after burning 50 tonnes of coal, to rise 
2*5 cm. Supposing the densities of salt and fresh tvaicr ir. be as 
65 : 64, find initial displacement of the steamer in tonnes. 

[Banaras. 1 963 ] 

12. A body floating in water has volumes t',, .-3 above the 

surface when the densities of surrounding air arc. respectively 
Pi) P 25 Pa- Prove that 

P2~P3 I P.3~Pi _l Pi~P2 _q 
' r's * rg 

13. A solid hemisphere floats completely immersed rrith a 
point of the rim joined to a fixed point by means of a string. Show 
that the base is inclined to the vertical at an angle tan~^ (3/B). 

[RoorkeCf 1962] 

14. A rod of small section and density m has a small piece 
of lead of weight Ijnth that of the rod attached to one extremity. 
Prove that the rod wall float at any inclination in a liquid of density 
m' if 

(n + 1 )^m = [Banaras, 1 964] 

L5. A uniform rod, of length 2a, floats partly immersed in 
a liquid, being supported by a string fastened to one of its ends. 
If the density of the liquid be | times that of the rod, prove that 
the rod will rest with half its length out of the liquid. Find also 
the ten.sio 2 t of the string. 

16. A uniform rod of length 2a can turn freely about one end 
which is fixed at a height h {<2a) above the surface of a liquid. 
If the densities of the rod and the liquid be p and a, show that 
the rod can rest either in a vertical position or inclined at an angle 
S to the vertical, where 


X-y-). 



ANSWERS 

Esasiiples 1 (Pages 12“13) 

1. 340 kg., 668 kg. 2. 56-6 N., 18-4 N. 

Esaiaiples 2 (Pages 19-21) 

5. (a) 119-5 kg., 74° 3'; (i) 3675 N. 282° 7'. 

6. () = 75 kg .5 ill direction ; i2= 125 kg. 

7. 14-43 kg., 28-87 kg. 8. 377 kg., 42° 18' north of east, 

li. (a) 3,000 kg.-cm., (^) 57-73 kg., (c) 50 kg. 

Examples 3 (Pages 29-32) . 

1. 2. 120 kg, 

3. 12-4 kg., 5-3 kg. 7. 60-4 kg. 

8. 149 lb., perpendicular to radius joining stone and centre. 

9. |H/V3, |f4V3. 10. 1470 kg., 3020 kg. 

11. 74| lb, 

12. 546-4 kg., 282*8 kg., 386-4 kg., 541r4 kg. 

13. 10*4 kg., 12 kg., 53° 3'. 15. 2247 kg., 2894 kg. 

17. 4*33 kg., 6-62 kg., 57-32 cm. 

18. 173 kg. 19. 3-5 tonnes, compressive ; 0. 

Examples 4 (Pages 41-43) 

1. 8 kg., 6 kg, 

3. (a) 20 kg. at 1-75 m. 

(i) 100 kg. at 0-4 m. (r) 140 kg. at 0 m. 

5. 10 kg.; 33-3 cm., 16*7 cm. 6. 4 m. from weaker man. 

7. 945 kg. 8, 2' 5" from R. 

9. m + n(n-l)aw/2I,iW+(2l~(?i-l)a}n^^^^ 

10. 2’ 3 7 m. or 5*63 m. 11. 477*5 kg., 572-5 kg. 

12. 6 m. 13. 5^- ft-ib., clockwise. 

14. 3 inches. 16. 80° 57'; 3-29 kg. 

17. sin-1 (2G'/mO. 19. 

20. 360 lb. 

Examples 5 (Pages 48-50) : 

1. (Zj) 41-55 kg., 69° 42' ; 39-5 a;-12*9j;=58-8. 

2. 7*7 lb. along .42) and 37*7 lb. parallel to 5^4 at 4*66 inch 
from A opposite to D. 
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4. 31/3 kg., 270°; at from 5. 

5. 2-v/3 P, 30°; cuttmg.45 at |j5from 

6 . 50-9 kg.. 162° 52' ; divides PG' in ratio 2 : I. 

, =V2P>>. 

9. 21/2F5 cutting AB at —%a from A and BC at |a from B. 

11. At 3a (it = side) from the first corner, 

12. (5-04 kg., 240° 42'), 12-25 m. 

Examples '6 (Pages 54-58) 

1. 144 kg.; 255-2 kg-., 70° 24'. 2. iOyS kg., SOy'S kg. 

3. ilV. - , , ^ 

4 . Bs==B:,==Q^385 ke.,By==Dy=2000kg.;Cy=^(K 

9, 6-6 lb., 30*7 Ib., 77°, 10. 121-8 kg.', 137° 40'; 90 kg., 

13. 159 lb., 124 ib., 1241b. 

15. 21'Fseca, l'Vr/\''(2ar—r^)f W(a—r)ly(2ar—r^), 

lV(a—r) /1/ (2itr~ r^) —2 PV tan a. 

16. 6*4 kg., 5 386 kg., 5 kg., 5-386 kg., 6 4 kg. 

17. 7-962 lb. wt. at 144° 43' to BC ; 6-1 96 BC Ib.-ft. 

18. 15-7 cwt. 19. 8841b.; 625 lb., 1625 Ib. 

20. 500 lb., 4950 lb., 4030 lb. 23, n, 2V3 W, 

Examples 7 (Pages 77-79) 

1. —8-3 kg.j 33-3 kg., 2. 389 ib., 349 Ib. at 30° to vertical. 
In the answers toq, 3, 6, 7 and 12, the stresses in the members 
specified are given in tons; and those in q. 5 and 9 in metric 
tonnes. 

3. AC=15‘0 (C'),AB^7'0(T),BC=8‘0(C%BB=13A (T). 

4. AC=1100 kg. (C), CP = 1345kg. (C), CZ> = 1500 kg. (T), 
PD=Ai) = 950 kg. (T). 

5. AB^I)E=8'5 (C), BC=CD==5-7 (C% i?F=DF=2-8 (C), 
AF=EF=^-6 (T),CF=4 (Tj.. 

6 . A5=Z)E=46-2 (C), BD = 34-6(Cy, BC= BC- 23- 1 (T), 
AG^CF= 23'1 (T). 

7. AB==BC= 5 (C), CB = GE= 6 (C), . DE = 8-5 ( T ) , CF= I -4 (C‘) , 
AF=7-l(r), iSF-4 (C), FF=6(T). 

8. AB=^BC=^CB = BF=2310 kg. (G), BG= BF=^GF== 2310 kg. 
(T), /1G = FE= 1150 kg. (T), GG=GF=0. 

9. AB=22-5 (T), FF=3-5 (G), PG=17-3 (G), HG=31-2 (C). 



222 


ANSWERS 


W, 1 = ' 

5-5 = 773 lb. (r), 2 = 4=6=773 lb. {€) 

,7=8=9= 

10=0. 

11. AB=^ 

= 4620kg.(T), SC=Si>=1150kg.(7'), < 

C‘S = 23101 

wg. (G),^' 

BE 

=2000 kg. (C), BE =^5750 kg. (C). 


3. 

12. /IS- 

=7^C= 9*5 tons (T), CE=10-9 tons (T), 

/1S;=9*2 to] 

ns (C)i^‘ 

BE: 

= 4 tons (C), SD— 16*7 tons (C). 


:7. 


Examples 8 (Pages 88-91) 


il. 


1, 

0*192. 

3. (a) Slides, (i) turas over. 

3. 

7. 

0*273. 

8. 58° 38', 


11. 

0*0577 

14. The other ladder. 

1, 

4. 

15. 

4*36 rti. 



Examples 9 (Pages 97-99) 

5. 

1. 

259*8 kg. 

2. 0*1155. 

7. 

3 . 

72*3 lb., 38*3 lb. 

4. Topples; 18° 26'. 

■ k 

11 . 

16*28 kg. 

13 . 19/33; 17° 30'. 


14. 


15 . 3800 lb. 

i. 

16. 

271b. 

17. 879 1b. 

k 

18. 

809*8 kg., 158*4 kg. 


/. 


Examples 

10 (Pages 103-105) 

.1 

1. 

1757 kg., 142*3 kg. 

2. 1755 kg. 364*8 kg. 

! 

3. 

2*41 turns. 

4. 527*5 lb. 

1. 

5. 

0*238. 

6. 2250 1b. 


7. 

100 lb., 0*29. 

8. 406 lb. , 


9. 

326 1b. ft. 


'• 


Examples 12 (Pages 124425) 

■i* 

2. 

3*54 in. 


1 

5. 

Unstable position when 
horizon. 

. rod is inclined at cot~^ (2 tan a) 

ta. 


8, /.CV1JS = 60°, unstable; 180°, stable. 

Examples 13 (Pages 135437) 


'■■■'A,' 

150 tons. 

2. 

562*5 t., 605*8 t. 

"■ :3.. ^ 

21*47 lonnes., 41*61 m. 

4. 

70 tens, 78 tons, 344 tons. 


8331 kg., 8891 kg., 102*74 

m. 

: ,6. 

187*5 kg. 

7. 

22*36 times the weight of tape. 

8. 

106*7 kg. 

9. 

a sinh~^(//tf) —a. 

10. 

99-26 m. 

, 5*27 m. 

11.,', 

555* 75 ft. 

13. 

25-9 cm. 



M. jj>= 146-2 cosh («/146-2); (97*6, 180), (63, 160). 
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Exasnples 14 (Pages 147-149)- 


238 kg-./cm.“ 

2. 0'84 cm. 

0-0265 in. 

4. 2*21 tonnes, 0-200 cm. 

5-02 ton.s, 0-019 in 

6. 314 kg./cm.2, 2815 kg. 

1 79-5 H.p. 

8. 4-375. 

4- 73 cm., 54%, 

19. 3*5 cm. 

3-36". 

12. 14725 kg.-cm., 1*16 cm. 

1051 H.P., 0-206°. 

14. 13-97". 15. 9-94", 4-97'' 

. Example 

s 15 (Pages 162-163) . 

20-8 cm. X 41 -6 cm. 

2. 225 kg./cm.2 

1200 lb. /in.^ throughout the range 2sSA'<i2. 

153-6 kg. /m. 

6. 10081b./in.2 

12-5 cm. 

8. 22-6 ton-ft. at .v = 6- 1 ft. S.F. = 


(i) Wx^(3l—x)j6 El, (ii) wx^{6P—4:lx-{-x^)l24: EL 
Examples 16 (Pages 168-170). 

74-16 kg.; 61° 32', 55° 6', 48° 8'. 2. 147-3 kg. 4. 2 lb. 

29*3 lb., 29-3 lb., 41-4 lb. 6. 40-8 kg. 

8^ tons, 3.^ tons. 8. 1-366 t., 1 -414 t., 1-932 t. 

221 lb., 442 lb., 552-5 lb. 

Examples 17 (Pages 182-1 M) 

150-4 kg.-ni., (0-0332, 0-9973, 0-0665). 

Force = 0, Couple = 3320 Ib.-ft. making angles 31° 7', 112° 
20', 69° 32' with axes. 

30 kg. at (15, -9). 4. 63| kg., 38Jkg., 38| kg. 

•iT'^) j being length of a side. 

27 kg., 44 kg-., 44 kg. 7. 50-8 kg., 38-3 kg., 30-8 kg. 

64 ib. 9. 200 lb. 

R= 100 lb., Af = -24 Ib.-ft., axis (53° 8', 36° 52',90"); pitch = 
0-24. 

60 kg., Rji — 60 kg. vertical, B.g—60 kg. (45°, 45°, 90°), 

75 lb., iC = 6i-2 lb., -S b = 25 lb. 

1750 ib., 2100 lb., 991-7 lb. 15. ta.n-^ {iiah/{P-a% 
Examples 18 (Pages 194-195) 


100 kg. wt. per sq. cm. 

2. 4-854 km. 

13 m. ■ 

4. 98 ft. 

2-344 ib. wt./sq. in. 

6. I*066X 10® dynes/sq. cm. 

2-66 cm. 

10. 1 *530 X 10^ dynes/sq. cm. 
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11. 16 cm.; 20*32 cm. 12. 156| kg. 

13. 2*5 kg. wt. 14. 7 : 1. 

Examples 19 (Pages 200.»2©2) 

1. 67*5 kg. wt. on uppei* face, 94*5 kg. wt. on lowei' face, and 8i 
kg. wt. on the I'emaining faces. 

2. 6*4 kg. wt. 3. 320 lb. wt. 4. 5*6 kg. wt. 5, 7*43 cm. 

6. At depth a ^2, where a is the side of the square. 

7. Line meets Ci> in i? where I CD. 

9. 11. 26-2 lb. wt. 

13. 4f ft, 14. h+(^j4:k. 

18. 0*18 m. lielow the centre, measiii'ed along the slope. 

20. 49*5 gm. wt. 

22. 564*5 lb. wt. at the upper bolt and 613*6 lb. wt. at the lowerl 

Examples 20 (Pages 205-207) 

1. 20,000 1b. wt. 2^ ft.; 11,250 lb. wt., 2 ft.; 8,750 lb. wt., ; 

slift. ' ; 

2. 89*6 metric tonnes, 2*819 m. 3. 34,375 1b., 40,625 1b 

4. 1 8*125, 38*375 metric tonnes 5. 38,313 Ib.wt., at 6*39 ftJ 

6. 30 metric tonnes. [from bo t to 4. 

7. (i) 20 tonnes, 3*3 m.; (ii) 40 tonnes, 2*9 m.; (hi) 16*7 tonnes; 

8. 20,000 metric tonnes. 9. 10,000 lb. : 14,000 lb. ' 

10. 123,000 ton wt., 138 ft. 11. 4*76 m. 

Examples 21 (Pages 214-215) 

1. (J^^2)rViw. 3. (l~-,f7r)r2/2Z4;, (t-{~.^.7r)/-%y. -' 

6. 1 : 0*0448. 7. 

8, ('n’V^+4/i®) at tan--*- (7rr/2A) to horizontal in the plane 

of symmetry, through a point at distance j'/tt from axis and 
at depth |-A. q 

9, \wr'h\/ irs^-\-\Gi) at tan--*- (7r/4) to horizontal, passing througb 

the centre of the cylinder, | 

10. 'irhv. 12. 35*7 tonnes at 38‘^ 9' to horizoiital, throag| 

the centre of the druirl 

16, 7r[\-\-sin^ a)hr^w, cos^ a. 

Examples 22 (Pages 217-21S) 

1. 236 kg. 2. 64*5 kg. 

3. h{\ — (ii) /[{i — (p/of)^'^®}. 4. 15,550 c.c. 

5. (14 fV^'—lS w)^/(Fcr^+152:y). 6. 

11. 6500 tonnes, 15. j (weight of rod) 



